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ABSTRACT 


This investigation attempts to determine rational design 
rules related to the overall stability of a structure and to the 
stability of individual members. The effects of the vertical loads 
acting on the deformed structure and on initially out-of-plumb 
members are investigated. The statistical characteristics obtained 
from measurements taken on out-of-plumb columns and walls in three 
structures are used in the derivations of several expressions for the 
different out-of-plumb effects. Statistical methods are used in 
the development of appropriate design procedures to account for 
out-of-plumbs; this constitutes the major contribution of the study. 
The results of the study indicate that many of the procedures used 
to account for stability in present design standards are generally 


inadequate. 
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design torque T, (absolute value) 

random torque in the core at floor level i 
torque due to wall out-of-plumbs 

wall thicknesses 

coefficient of variation 

total first order shear at storey i 

second order shear in column 

artificial shear at storey i due to sway forces 
share of fictitious horizontal shear in column j 


actual (exact) second order shear in column j 


shear in colum) j obtained from an approximate second- 
order analysis (value in error) 


weight per cubic meter of a structure 
class width of a histogram 

Cartesian coordinates 

angle of inclination of bracing member 
safety index 


factor accounting for tolerance requirements and 
degree of control 


first-order lateral deflection 
design out-of-plumb 


first-order lateral deflection of the i'th floor 
relative to the floor below or to the base of the structure 


second-order lateral deflection of the i'th floor relative 
to the floor below 


deviation from the mean wall thickness at a section 
random initial out-of-plumb in the direction of the x axis 
random initial out-of-plumb in the direction of the y axis 


random initial out-of-plumb 
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growth in initial out-of-plumb 


mean out-— 


of-—plumb 


total change in slope between two columns at their 
intersection 


€ for n sets of two columns 


€ for one set of two columns 


safety index 


expected 


mean 


mean of column out-of-plumb population 


mean of dead load population 


mean of distributed horizontal shear 


mean of live load population 


mean of gravity load population 


coefficient of correlation 


standard 


standard 


standard 


standard 


standard 


standard 


standard 


deviation 


deviation of 


aqeviation of 


deviation of 


deviation of 


deviation of 


deviation of 


column out-of-plumb population 
dead load population 

e/L population 

distributed horizontal shear 
live load population 


gravity load population 


covariance of variables x and y 


standard deviation of wall out-of-plumb population 


safety index 
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CHAPTER TI 


INTRODUCTION 


Several factors are known to impair the strength and stability 
of a structure. Among the most important is the so-called P-A effect. 
The axial loads acting on the columns and load-carrying walls produce 
additional moments and forces when acting through the lateral displace- 
ment of the structure. The effect is particularly important in tall 
buildings. When these effects are taken into account in the structural 
analysis of the building, the analysis is referred to as a "second- 
order analysis". A great deal of time and effort has been spent on 
developing methods to account for the P-A effects. The most recent 
studies have been oriented towards the development of simple and 
practical design techniques and an in depth examination of the forces 
involved. 

A second factor which affects the stability of structures 
but has attracted very little attention until recently is the 
initial out-of-plumbness of columns and load carrying walls. Ina 
manner similar to the P-A effect, the gravity loads acting through 
initially inclined members generate extra horizontal forces within 
the structure. The out-of-plumb forces, so far, are either totally 
neglected in design or improperly accounted for by using over- 
simplified techniques. A thorough examination of the out-of-plumb 
effects and the development of appropriate modifications of existing 


design procedures, as well as new methods, therefore are warranted. 
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The main objective of this study is to propose rational 
clauses for design standards which are related to the stability of 
complete structures and individual members. In this respect, the 
thesis is divided-into two distinct sections: first, a short section 
which deals with some limited aspects of the P-A effects and then a 
section on out-of-plumbs which constitutes by far the essence of the 
study. Important measurements taken on steel columns and concrete 
walls are presented and are used in statistical calculations. Simple 
methods based on statistics are developed to determine the nature and 
the significance of the extra horizontal forces due to column and 
wall out-of-plumbs. The transfer of these forces among the resisting 
elements of the structure is given eet attention. 

Although the procedures used for the determination of the 
out-of-plumb forces should be applicable to many different framing 
schemes, the investigation uses the core-braced structure as a model 
for the computations. Basically, the structure consists of a concrete 
core enclosed by an orthogonal steel framing system as shown in 
Fig. 1.1. All connections are assumed to be pinned. The frame is 
designed to carry a share of the vertical loads while the core has 
the double function of supporting a portion of the vertical loads 
and stabilizing the structure against lateral forces. 

The core-braced structure has been selected because of its 
relatively common use in medium rise buildings and because the 
requirements for the transfer of horizontal forces are relatively 
severe. Other types of structures, with and without rigid connections, 


are discussed briefly. 
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Figure 1. Core-braced structure (plan view) 


The different horizontal forces present in structures are 
classified and defined in Chapter II. Chapter III contains a review of 
those methods of analysis for core-braced buildings which present a 
reasonable estimate of the forces defined in the preceding section. 
The survey is limited to elastic first order and second order 
methods. The distribution of the horizontal forces resulting from 
the approximate second order analyses presented in Chapter III is 
discussed in Chapter IV. 

Chapter V reviews the existing literature and clauses in 
design standards related to column and wall out-of-plumbs. Chapter 
VI presents the distributions and statistical characteristics of a 
series of out-of-plumb measurements taken on buildings under construc- 
tion. Chapter VII is devoted to the derivation of design equations 
based on statistics for each resisting element affected by the out- 
of-plumb forces. This is followed in Chapter VIII by examples of 
applications which attempt to demonstrate the applicability of the 
equations derived in the previous chapter. 

Each individual out-of-plumb effect is calibrated in Chapter 
IX against the corresponding wind load effect, in order to 
determine its significance in design. Where appropriate, the recom- 
mendations listed in Chapter V are compared with the results of the 
techniques developed in Chapter VII. 

Chapter X contains a general discussion while Chapter XI 
consists of a brief summary and finally concludes by listing the 


proposed clauses for design standards related to structural stability. 
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CHAPTER IL 


HORIZONTAL FORCES 


In a core-braced structure, horizontal forces must be 
resisted at each beam-to-column connection and portions of these 
forces must be transferred to the core if the integrity of the 
structure is to be maintained. The magnitude and distribution of 
the forces depend upon the relative stiffnesses of the columns and 
the core, the stiffness of the connections, the characteristics of the 
floor system, and the general arrangement of the structure. 

Several types of horizontal forces must be resisted to 
ensure the stability of a structure. For convenience, the forces 
may be classified under three separate headings: first order forces, 


P-A forces, and forces due to column and wall out-of-plumbs. 


22. Sbirst Order horces 


The forces normally considered in the design of the 

individual members are those resulting from a first order analysis 
of the structure. The structure is assumed to be subjected to 
gravity loads alone or in combination with wind or earthquake loads. 
In the analysis the response is assumed to be elastic and the 

Si ee (1) 
equilibrium equations are formulated on the undeformed structure 5 
Several methods which are applicable to core-braced systems and which 


make use of elastic first order principles will be briefly described in 


the next chapter. 
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The first order forces are more or less adequately 
distributed among the stiffening elements depending on the type of 


analysis used and the simplifying assumptions made. 


2.2 P-A Forces 


The assessment of the overall stability of a structure under 
the action of applied loads is a major problem. In a first order 
analysis, the stability effects are not considered since the equili- 


(1,2) | The 


brium equations are formulated on the undeflected structure 
designer generally neglects these effects in the analysis to simplify 
the calculations. The stability effects must then be indirectly accounted 
for in design as will be discussed below. 

The vertical loads, acting through the lateral displacements 
of a structure, produce additional forces and moments. Fig. 2.1 shows 
a simple frame subjected to a lateral load, H, and vertical loads, P, 
applied at the tops of the columns. The extra storey moment, 2PA, the 
corresponding fictitious shear, 2PA/h, the extra sway, and the 
distribution of the additional moments and forces among the resisting 
elements of the structure are called P-A eeretra ate They are especially 
significant in tall buildings where stability considerations very often 


(6) 


control the design An analysis in which equilibrium is formulated 
on the deformed structure, thus accounting for these effects, is called 


a second order analysis. 


2.3 Forces Due to Column Out-of-Plumbs 


The unavoidable out-of-plumbs of the columns are among the 


geometric imperfections which most significantly affect the stability 
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Figure 2.1 Second-order effects on sway permitted frames 
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of a structure. Horizontal forces of value PA /h and ree in the 
direction of the x and y axes are generated by the axial load P acting 
on the inclined column shown in Fig. 2.2. These additional forces may 
affect the integrity of the structure and provisions should be made 
for their transfer. The extra moments and shears must be accounted 
for in the design of connections, floor diaphragms, and vertical 
bracing systems. This is particularly important in tall core-braced 
buildings where the vertical loads are high and the horizontal 


forces from each column must generally be transferred to the core. 


When the members of a frame are rigidly jointed, extra moments 
are developed in the columns and girders by the initial out-of-plumbs 
with the result that the force transfer requirement is reduced. This 
particular case is not investigated in this report. If, however, the 
columns are pin-connected, larger lateral forces are induced. These 
forces must be transferred by the beam-to-column connections through 
the floor systems to the central core. 

While the direction and intensity of the extra P-A forces 
are calculated directly from an analysis of the structure, the same 
parameters related to the out-of-plumb forces are practically undefined. 
Referring to Fig. 2.2, a column may be inclined along both the x and 
y axes and the magnitude of the initial inclinations may vary between 
zero and a value greater than the maximum prescribed erection Saterancee 

The estimation of the out-of-plumb forces and their distri- 
bution in a structure is complex and requires special consideration. 
Similar to the P-A forces, the out-of-plumb forces affect the strength 
and stability of tall buildings. For these reasons they should be 


accounted for in design. 
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Figure 2.2 Out-of-plumb column 
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CHAPTER ILL 


ANALYSIS AND DESIGN 


This chapter is divided into three parts. The first 
portion contains a review of the available methods of analysis appli- 
cable to core-braced systems. Although the frame is generally simply 
connected and depends entirely on the core for its stability, methods 
are also presented which apply to moment resisting frames. The 
application of approximate second order analyses is discussed in the 
second part. The last section presents an outline of the current design 


procedures, 


3.1 First Order Analysis 


Practical analyses are generally characterized by a number 
of appropriate structural and loading simplifications. It is 
common practice to assume that the floor diaphragms are infinitely 
rigid in their own planes, that the applied lateral loads are concentrated 
at floor levels, that the joints are ideally rigid or pinned (as 
appropriate), and that the core acts as a reinforced concrete flexural 
element having a finite width. 


Depending on whether the frame systems offers significant 


stiffness (rigid connections), a first order analysis is performed on 


the whole structure or on the core alone. 
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3.1.1 Two-Dimensional Analysis 

In the case of structures symmetric in plan and subjected 
to symmetrically applied horizontal loads, a two-dimensional analysis 
is appropriate. 

A framing system with negligible stiffness is assumed simply 
connected and is designed to carry the appropriate share of the 
vertical loads. The core, in turn, has the double function of supporting 
vertical loads and resisting the horizontal forces by cantilever 
action. If the frame possesses a significant stiffness, the above 
assumptions may lead to an unconservative frame desione) In this case, 
the interaction between the walls and the frame results in a significant 


Oot) s As shown in Fig. 


redistribution of the forces in the structure 
3.1, the frame tends to restrain the core in the top storeys and the 
opposite occurs in the lower region. As a result, forces are created 
that cannot be predicted by isolating the two systems. 

When the frame plays a significant role in resisting the 
lateral loads, all parallel bents in the structure may be placed side 


(9), 10) 


by side and linked together for analysis The frame members are 


modelled as linear elements while the core is simulated by a plane 


(12) 


shear-wall of equivalent strength and stiffness The horizontal 


loads acting on the resulting plane structure are then distributed 
- : : @ke) 
among the elements according to their relative stiffnesses . Only 
one-half or one-quarter of a symmetric structure need be analyzed. 
In many cases, simplification can be achieved by replacing 
the actual frame by an "idealized frame" as shown in Fig. 3.2(a). 


The areas and stiffnesses of the members in the idealized structure 


are obtained by a "lumping" technique as described in Ref. 9. The model 
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(a) Free Frame 


(b) Free Core (c) Combined Frame & Core 


| Figure 3.1 
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may be further simplified by using fictitious link bars between the 
frame and the core as shown in Fig. 3.2(b). These members of infinite 
area are pinned and simulate the action of the floors in enforcing 

; Pais | Gad) 
equal lateral deformations on each of the load resisting elements é‘ 
For structures having uniform properties over the height of the 
building, various techniques which model the structure as a continuum 

: Cr) , 

are appropriate . For most practical structures, however, the member 
properties change with height and a discrete approach is used which 
generally necessitates the use of a large computer. Computer programs 
using stiffness matrices have been extended to include interacting 


CS ya) 


shear-walls and frames Standard plane frame programs may also 


be used to analyze mixed structures if the core or shear-wall (with 
appropriate coupling beams) is replaced by an "equivalent wide 


column" (19 >16) 


This simulation is particularly useful in cases where 
the frame-core connections are rigid so that the width of the core 


must be considered. 


3.1.2 Thrée-Dimensional ‘Analysis 


A torsional analysis is required for symmetric structures 
subjected to eccentric lateral loads caused by wind or earthquake as 


well as for structures asymmetric in plan. 
If the torsional and lateral resistance of a structure 


depends primarily on the central core, an analysis of the core acting 


alone may be db reerawbeuate Cade ’s, Studies of several existing core- 


braced systems have indicated that a core, with properly interconnected 


walls, is approximately 10 to 40 times as stiff in torsion as the 


; a 20) 
perimeter steel frame, assuming that the frame is rigidly panies beds 
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If, in a special case, the frame system plays a definite role in 
resisting the eccentric lateral loads, it should be included in the 


aia isi ah Gee te 


3.2 Second Order Analysis 


Stability effects have not been considered in the various 


(1). 


techniques described in the previous sections The most important 
stability or second order effect to consider in an elastic analysis 
is the P-A effect described in section 2.2. 

The extra P-A moments and shears can be determined by the 
use of approximate or rigorous second order analysis procedures. A 
rigorous second order analysis requires the use of a large and 
expensive computer program which may include wide and stiff elements 
such as She teds 

Approximate techniques, however, are generally more desirable 
than a rigorous analysis. They are of three types: 

L. Ampiitication Factor 

The moments and deflections determined by a first order 
analysis are multiplied by an amplification factor to simulate 
the effects of the vertical loads acting on the laterally deflected 
dercerare Gh. The factor has the form 1/(1-PA/Hh), where the terms 
are defined in* Figs) 2.1 ..f The, amplification factor technique is appro- 
priate for hand calculations and can sometimes be very useful. However, 
due to its simplicity, the technique is subject to some feat riewions ae 


and does not allow directly for the transfer of second order forces; 


which is of prime concern in this thesis. 
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2. Fictitious Horizontal Load 

The action of a vertical load on a laterally deflected column 
can be simulated by a horizontal force PA/h applied at the top of the 
column. This concept has been developed and applied to multi-bay, 


ee and static Anning = eee), 


multi-storey frames for dynamic 
The technique presented in references 23 and 26 is a versatile 
method which could be used in the analysis of core-braced systems. 
Since the procedure is recommended by the Canadian Standard aie ieto7as 
and is the subject of a discussion in the following chapter, the procedure 
is detailed below: 
(a) Perform a first order analysis of the structure under the 
factored loads to determine the horizontal deflection, A,, 
at each floor level i. 
(b) As shown in Fig. 3.3, compute the artificial storey shears 


which would produce column end moments equivalent to those 


caused by the vertical loads: 


xP. 
AE Pa — et 
of hz eal Sey) Cy 
a 
where 
V5 = artificial shear at storey i due to sway forces, 
xP. = sum of factored column axial loads at storey i, 
hy = height of storey i, 
A. = horizontal displacement of level i with respect to 


the base of the structure. 


(c) Compute the resulting sway forces He at each floor level: 


He = oad Ve Coie) 
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Figure 3.3 Sway forces due to vertical loads 
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(d) Add the sway forces He to the applied lateral loads and 
reanalyse the structure. 
(e) When the deflected shape at the end of a cycle is relatively 
unchanged, the method has converged and the resulting forces 
now include the P-A effect. 
For practical structures, the convergence is fast and the first iteration 
produces acceptable results. Slow convergence is a sign that a structure 
is excessively flexible and lack of convergence indicates that the 
structure is moran tee 

Since the iterative procedure adds significantly to the cost 
of the analysis, attempts have been made to reduce the computational 
effort involved. A suitable deflection index is often used as a 
basis for the first trial calculation of sway ey If the 
resulting deflections of the structure are less than the assumed 
deflection index, a conservative estimate of the P-A effects has been 
obtained and the results may be used in design. A similar but more 
rational approach consists of computing the converged second order 


deflections at each storey from the corresponding first order values 


by using the amplification factor of method ices thus: 
Auo= Na wet eine (A - A.) (353) 
i BP Gis - A.) Bal dL 
l og te gil a 
UVa DG 
ii 
where 
A = relative second order lateral deflection of storey i 
(top of storey with respect to bottom), 
LP. = sum of factored column axial loads at storey i, 
LV = total first order shear at storey i. 
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Once A is obtained, the fictitious storey shears equivalent to the 


converged Ve of Eq. (3.1) are calculated by 


Vi ees (3.4) 


Equation (3.4) may be expressed in a more convenient form so that the 
fictitious storey shears may be calculated directly from the first 


order results: 


Ve eae. a 325) 
uP (As styl] xv 
h, 
1 


The sway forces are then evaluated by Eq. (3.2) and applied at each 
storey to give the converged second order forces and moments 
directly. 

It has been suggested in Ref. 23 that where the vertical loads 
act alone, the initial forces be computed on the basis of sway deflec- 
tions equal to 0.002 times the storey height. The initial deflections 
are equal to the maximum out-of-plumbs permitted during erection of 
the structure according to Ref. 7. This implies that the structure would 
be erected with initial imperfections and that the vertical loads 
acting through the corresponding lateral deflections would produce 
initial P-A shears and forces... This will be discussed in detail in 
Chapter V. 

3. Simplified P-A Method 

A method which allows a second order analysis to be 
performed by using a first order computer program (without iteration) 


has been presented mecenely <2 | 
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A fictitious "negative bracing" member having an area equal to 


a ale 


0  E cos2a (3.6) 


is added to the frame at each storey as shown in Fig. 3.4. In this 
equation, +P is the sum of the factored column axial loads at a 
specified storey, E is the modulus of elasticity of the columns, and 

Ne Lo» and a are defined in Fig. 3.4. The "braced" frame is analysed 

by a standard first order program and the results obtained represent 

the second order deflections, moments, and forces in the members. 

The number of equations remains the same as for a first order solution 
and the computer input is unchanged except for the addition of the 

extra bracing members. The horizontal component of the force in the 
bracing member of level i is the converged sway shear Vi of the previous 


technique. 


3.2.1 Two-Dimensional Analysis 


If the frame system lacks significant stiffness, the P-A 
shears corresponding to the total gravity loads on the structures, 
as well as those caused by wind or earthquake, must be resisted by 
the core alone. The methods described in section 3.1 along with the 
second approximate technique of section 3.2 can be used in a second 
order analysis. If the frame does possess significant rigidity, the 
core-frame interaction must be considered. Again, an appropriate method 
outlined in section 3.1 can be used jointly with an approximate 


technique (no. 2 or 3) in a second order analysis. 
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Figure 3.4 Negative bracing 
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3.2.2 Three-Dimensional Analysis 


The assessment of stability effects in three-dimensional 


(30) 


structures is complex The stability aspects of three-dimensional 
building frames are discussed in Ref. 31, but among the analytical 
methods presented, only a few apply directly to core~braced structures. 
A rigorous technique for a stability analysis is presented in Ref. 32 
FOrNsSerUctUresMsimidarmtoithat of Fie. l.1. eit Aseassumed that the 
core resists torsion, bending, and its share of the vertical loads, 
and that the frame is pinned and resists only vertical loads. 

As for the plane case, the deflections computed from first 


(14,22) 


order three-dimensional analyses may be used to assess the 


deflections, moments, and forces in a structure with the P-A effects 


inelodedeen,. 
J. Design 


One option in designing for stability is the traditional 
effective length or "K factor" reno ek 

In this technique, the bending moments obtained from a first 
order analysis are used directly in the design of the girders and the 
moments and forces in the columns are adjusted through the interaction 
equations to arrive at suitable column sections. In regular moment 
resisting frames the P-A effects in the columns can be accommodated 
indirectly by basing the member selection procedure on the sway 
permitted sonal elon ae 

As applied to a core-braced structure, a blind application 


of this procedure is inappropriate. The presence of a stiff concrete 


core is used to justify the assumption that the columns are sway 
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prevented. The effective length factor for the columns is then equal 


to or less than mittyeee In order to be consistent with this assumption, 
the core must be designed to resist all of the P-A effects. The second 
order effects in a core-braced building are properly accounted for by 
applying the P-A forces to the whole structure (if the frame is 

moment resistant) or to the core alone (if the frame is simply 


(23,26, 34) 


connected) at each floor level This procedure amounts to 


a second-order analysis and may be performed using the techniques 
described above. 

When the P-A forces have been included in the analysis, 
the columns and the core may be designed for the sway prevented 


Bete in which the effective length factor is equal to or 


(11) 


smaller than unity 
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CHAPTER IV 


SECOND ORDER FORCE DISTRIBUTION 


The use of an approximate second order analysis, as described 
in section 3.2, results in an improper distribution of the horizontal 
forces among the resisting elements. 

It is intended in this chapter to formulate a simple technique 
for the redistribution of second order horizontal forces to be used in 


the design of connections and floor diaphragms. 


451) Basics Honeces Leanster 


Three situations are encountered in a typical framed 
structure. They are schematically represented in Fig. 4.1: 

ie Columns and beams in a bent develop their own resistance 
to lateral loads. 
In the case of a regular unbraced frame with moment 
resisting connections as shown in Fig. 4.1(a), no extra 
shears are to be transferred by diaphragm action at the beam 
level and extra forces need not be transferred through base 
connections unless the columns have different stiffnesses 
or carry different axial loads. The beams and columns in 
this type of structure are subjected to extra P-A moments. 
Any column splice should be designed for an extra shear 


since there is an increase in the shear within the columns. 


24 


7 San? ; x 
} ss 7 : ; 
7 VAN, OF (hd 
. , 


- y 7 
Rein 
ih . : : : 5 Saal » i 
ae: ae 
Am : 
qtayluns tebee bmgog! baletarosigne ne wy ani salt 
oa 


eal roRab eo ( 


Lager eel ety Fo neh ueer sae vaqoxant rs a esti Se eke 
| “einen gnizehaen ai? — 
welinios! sivale & 9 stunie? 92 <page Arn Lal befiastal ut a 


an pars 
a oY ayotol lashowtead rab bawnse 40 ck dd poh eer oid’ 


AE been 9O 
vanuandqath soel? has anch septa | 4a wows 
mf | a L 
} | Frid | dtp te : 
ie wi Anes acest ha 
i“ 
j . 
. it 
bamey? Tepigds ) at. hetatuioday 975 a chad mage: ery 


\ ate 

1,5 .a9T pk a, 129 ae erat otk ‘tee! bow ar ¢, 
‘ 

at niga bai merwurii i 

mY) a Ce 

: : Sobel haan a Ds « 


sasnom, macy cil dustin (alg a7 B 20 28a ait * 


agfhuzeleet mo aad? Pees nag, bi, 
' 


a 
: _ 


wee! ON kd) Teds ae zt chien bu snatsiannad nabtatesn, ot. 
e 


_ i. 


i] 


e@ail mjirords yond ering 4 Sean eouiea Pa hia, tows ‘a sk ,? 
i " 


Sead wrth de anivBh mytitgadh ud inde Youd qtind Ss scien : - 1), 7 
> - 


id . een te sho ie a) naniiia se seulay. not oe0mie : a 7 
| Poa wee MP 
eee a phen! / 
Sa bar ee Aer its z) ron ea | : 
aa ge. i = - i i 
ah ¥ ihe ae oe 


(a) 


=P 


2 


=a 


Figure 4.1 


Basic second order force transfer 
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8 A few columns only develop resistance to lateral loads. 
Connection A for the simple frame of Fig. 4.1(b) must now 
be designed for a shear of value P Ash. The three other 
connections, however, have to resist a force equal to H+P A/h. 
Since the shear resistance is assumed to be provided within 
the bent, no additional diaphragm action is required. 

oi Pinned frame relying on a stiffer structure for its stability. 
When the columns in a bent are all simply connected and rely 
on a bracing system in the plane of the bent for lateral 
support, the forces are transmitted directly through the 
beams and the connections to the vertical bracing system. 

If the supporting system is not in the plane of the frame, 
a horizontal force H+ZPA/h must be transmitted by diaphragm 
action as shown in Fig. 4.1(c). The joints at the base 


must be designed for the appropriate PA/h shears. 


4.2 Problems in Approximate Second Order Techniques 


All horizontal forces and shears, such as axial loads in 
beams, shears in columns, and horizontal forces in joints are generally 
incorrect if generated by fictitious storey forces applied at one 
face of the structure. This is due to the transfer of the second 
order forces through a particular bent. Errors in the analysis could 
be avoided by applying the extra shears for the individual columns 
at the top of each column but this is an impractical solution. 

Both the fictitious horizontal load technique and the simplified 


P-A method of section 3.2 have this limitation. The problem is clearly 


demonstrated in Fig. 4.2 where the results of an exact and an 
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Figure 4.2 Exact vs. approximate second order analyses 
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approximate second order analysis are compared for two different 
column end conditions. 

In the case of a moment resisting frame, the shear at the 
base of a column is larger than the actual shear by a factor PA/h when 
a simplified technique is used (Fig. 4.2{a)): In a simple frame, the 
actual shear PA/h at the column base is not predicted by the approxi- 


mate method (Fig. 4.2(b)). 


4.3 Force Distribution by Free-Body Diagrams 


Since correct second order moments, deflections, and column 
axial loads are obtained from an approximate second order analysis, 
the corresponding column shears can be determined from a consideration 
of column free-body diagrams. The contribution of each individual 
column to the second order storey shear is calculated by equation (4.1), 
=M'' - PA 


Cd meer ay (4.1) 


“and M'" shown 


where ~M' = the sum of the column end moments My 3 


Un Ee. 3463 
Once the shears in the columns above and below a specific 
floor in a plane frame are known, equilibrium of all the horizontal 
forces acting on the’floor, including the externally applied lateral 
loads, can be ensured. The horizontal shears in the connections and 
axial loads in the beams, calculated in this manner, are correctly 
distributed. An example illustrating this procedure will be presented 


in, section 4.5.27 
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Figure 4.3 Column free-body diagram (positive directions shown) 
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eA ine hmiat eu lonee: Da stil bu tom Technique 


This section presents an alternate method for the redistri- 
bution of horizontal forces which gives nearly the same results as 
the exact method but requires a reduced amount of calculation. 

When the fictitious lateral load technique or the simplified 
P-A method has been used, the artificial shear at each floor level is 
a known quantity. This shear is obtained from Eq. (3.1) in the 
fictitious lateral load technique or is calculated as the horizontal 
component of the fictitious bracing force in the simplified P-A 
method. Also known is the sum of the column axial loads at each storey, 
since this quantity has been used in the analysis. 

Regardless of the type of structure, the extra P-A shears 
in the columns, at a specific storey, are proportional to the axial 
loads in the columns? - “fhe artificial shear Vi at storey i (the sum of 
the individual column P-A shears for this storey) is then redistributed 


among the columns according to the following equation: 


ley 
vi = —1 vy (4.2) 
j n, a 
a 
ay yay 
j= le 
where 
Ma = share of fictitious shear in column j 
j = column index 
i = storey index 
i total number of columns at storey i 
P = factored axial load in colum j 
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The exact second order shear corresponding to the shear of Eq. (4.1) is 
obtained by taking the algebraic difference between the shear (in 
error) obtained in the approximate analysis, see and the corresponding 


shear, Va fLromeBqe~(4-2)~ 


Via Vo Vv (4.3) 


As before, after the actual shears are calculated in the columns above 
and below a specific floor level, the horizontal forces at each beam-to- 
column connection at that level are calculated from the equilibrium of 
the joint. An example of the application of this technique is given in 
the next section. 

The type of redistribution described above is only useful 
in the design of beam-to-column connections, column splices, and floor 


diaphragms for the extra forces produced by the sway of the structure. 


4.5 Analysis of Framing Systems 


In order to justify the application of the alternate distri- 
bution technique described above, different structural systems have 
been studied using the simplified second order technique of section 
3.2(3). The results of the distributions have been compared with 


the exact values. 


4.5.1 Structural Systems 


The simple three-bay, three-storey plane frame shown in 
Fig. 4.4(a) was selected as the basic structure in this study. The 
cross-sectional area of the structural members (except the bracing 


members) were increased so that the effects of axial deformations were 


fei: 


a 


bps hinirje ai ep it ee e 


i 


: us he 7 : - ig ? 
cties i Gay) | wee 7 tf 
. ; & nM - s i 5 72 


ay Vile wipe: Loy Gis - boast 


«yea. fee 75 diehan \aagostand site Mindat soot) | oo Viioema 


1) ‘muDolpeivp timid man? aig 92 javst ait dat 72 hen | 


ia 
ai “ela af aupiniost 2609 iis ed th 3 apatite» tone, a aa 
a 
‘ ‘ AY se ey ren, Les ght af (Lan 
Lute ral pd os Vea hae happeaeeee a 
_ 
diy bs bak, aap iied haere volta, tym we Ye parest ote = 
PMTs aod he Love ort wri shah oath ‘i ko eres 


, 
. La wa Fe “anig 


+] art sreniali a alr fy nie ater ails phir at rt a 
oie! ear tA Cai our raise as ivore sel) +5uSb sont 0" 
mildoes 7 augtnnans ‘anton num babietamia 982 gniaw betbuta 

staew Pohetee separ = ai! Ie akin ones 


32 


(b) Braced-simple frame (c) Braced-moment resisting frame 


(d) Pinned frame and shear-wall 


Figure 4.4 Framing systems 
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eliminated. The gravity and lateral forces were slightly increased 
from the design values for the frame in order to emphasize the P-A 
effect. All loads were applied at the joints to simplify the study. 
The different types of structures analysed were: 
ee An unbraced frame with moment resisting connections (Fig. 
4.4(a)). The gravity loading was unsymmetrical and the 
column stiffnesses varied. 
2” A pin-connected frame braced by a steel truss (Fig. 4.4(b)). 
oe A moment resisting frame with one braced bay (Fig. 4.4(c)). 
a A pin-connected frame braced by a shear-wall (core) 


(Pig. 4:taCd):):. 


4.5.2 Example 


The distribution of the P-A forces calculated by the above 
technique, as applied to the first two storeys of the braced frame 
shown in Fig. 4.4(d), is given in detail in Fig. 4.5. The first order 
forces and the second order forces (before and after correction) are 
given for comparison. The horizontal components of the axial loads in 
the fictitious bracing members are respectively 7.92 kips and 11.49 
kips for the first and second storeys. The force in the first storey is 
lower since the base of the shear-wall is fixed. The column shears 
calculated according to Eqs. (4.2) and (4.3) are summarized in Table 4.1. 
The last column of the table lists the column shears caleuteted according 
to Eq. (4.1), based on the results of the second order analysis. 
The comparison shows that the alternate distribution technique applies 


properly in this case. 
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Sign convention given in Fig. 4.3. 


TABLE 4.1 


SHEAR DISTRIBUTION 


Exact 2nd Order Shear 


(Eqn, 4.1) 
kips 
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4.5.3 Results and Observations 

The alternate technique was successfully applied to all the 
structures described in Section 4.5.1. For all practical purposes, 
the column shears calculated in this manner were found to be the same 
as those computed by Eq. (4.1). 

It has been observed that in a moment resisting frame of 
normal proportions, such as that shown in Fig. 4.4(a), the exact 
second order horizontal forces differ only slightly from the corres- 
ponding first order forces. Thus the first order horizontal forces 
can be safely used for the design of connections and floor diaphragms. 
The horizontal force distribution for the second order forces can then 
be avoided. However, if the fictitious Pes: shears, Vio appear to 
be relatively important at some levels and if the column stiffnesses 
differ significantly, the exact horizontal forces should be determined 
at these levels. 

Some discrepancies between the first and second order axial 
loads in the columns adjacent to the fictitious bracing members are 
observed in Fig. 4.5. The difference is explained by the presence of 
the vertical components of the bracing member axial loads. These 
forces are 2.2, 3.19, and 1.8 kips respectively for the first, second, 
and third storeys of the structure. Although this effect has been 
exaggerated in the example, it is still negligible, since the errors 
account for less than one percent of the actual axial loads in the 
columns. 

As demonstrated in Fig. 4.2(b), the P-A shears in pin- 
connected columns are not simulated by an approximate second order 
analysis. They should therefore be distributed as described above 


whenever the total storey shears are found significant. 
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The axial loads in the actual bracing members of the trusses 
shown in Fig. 4.4(b) and (c) are not in error when an approximate 
second order analysis is used. The exact distribution, in this case, 
is predicted by the analysis and is a function of the relative stiffnesses 
of the resisting elements at each storey. In this type of structure, 
the fictitious bracing member should be placed in parallel with the 
actual bracing member in order to determine directly the amount of 
shear to be distributed among the columns. 

The frame-shear-wall system of Fig. 4.4(d) exhibits the 
same force distribution characteristics as the braced frame of 
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CHAPTER V 


STABILITY INFLUENCE OF OUT-OF-PLUMBS 


Very few studies have been conducted on the effects of 
column and wall out-of-plumbs. North American data are virtually 
non-existent but a few studies have been published in Europe (Sweden) 
and in Russia, where the influence of material and geometric imper- 
fections has been investigated. It seems appropriate to review 
the existing literature at this stage of the study in order to 
introduce the many features peculiar to out-of-plumbs. In the first 
three sections of this chapter, the basic design principles are 
presented, a survey of column and wall erection tolerances is given, 
and the degree of accuracy achieved in plumbing is discussed. 

This information is useful to understand the final section, which 
reviews the code recommendations of several countries on stability 


and force transfer related to out-of-plumbs. 


Jul bosicyrraneiples 


It has long been recognized that columns and wall elements 


(prefabricated or cast-in-place) are erected with unintentional 
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deviations from the vertical. Undesirable moments and horizontal 
forces can result where out-of-plumb elements are subjected to vertical 
loads. 

Very few design codes adequately consider the stability of 
tall buildings in view of the geometric imperfections of columns and 
walls. In those design regulations which do consider the problem, 


the effects of imperfections are considered principally in two different 


sep es 
1 The effect is assumed to be included among other uncertainties 
and covered by the safety factor. 
ae The effect of certain prescribed imperfections, such as 


eccentricities or out-of-plumbs, is calculated and combined 

with other actions by means of fictitious loads or added 

eccentricities. 

The two approaches above are generally used in combination 
so that when a code prescribes a specific value for a geometric 
imperfection, the value need not be representative of the imperfection 
itself. It may be that the prescribed value includes other uncertainties. 
Moreover, it is possible that the effects of geometric imperfections, 
such as member out-of-plumbs, cannot be correctly described by a simple 
parameter due to the statistical nature of the imperfection. 

Under the above circumstances, a comparison of the different 
regulations must be performed with care. This is particularly true 
when, for instance, regulations derived for precast concrete structures 
are compared with equivalent regulations applied to steel structures. 
The degreesof accuracy attained in the fabrication and erection of 


steel and concrete members are remarkably different. 
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Inga desiegnyfor the overall stability of a structure, all 
load-bearing columns or walls are generally assumed to lean in 
the same direction, as shown in Fig. 5.1(a). A similar critical 
situation can be created for the design of individual structural 
components if the model assumed in Fig. 5.1(b) is used. The connections 
and floor system at a specific level must be able to resist the hori- 
zontal force resulting from accidental inclinations of the columns 
above and below the floor. The inclinations in the two storeys are 
oriented so that the resulting forces add together. 

On the basis of the models shown in Fig. 5.1, the calculations 
required to determine the forces produced by out-of-plumbs are simple 
and generally conservative. For these reasons, such models have 
formed the actual basis of several design prescriptions. It is 
highly unlikely, however, that these idealistic situations will occur 
in practical structures. The random nature of the variable should 


therefore be accounted for. 


5.2 Erection Tolerances 


In order to achieve a certain standard in construction, the 
builders must comply with a set of specific erection tolerances. 
These tolerances vary from code to code depending on a number of 
factors. 

The Canadian and American standards for steel construc- 


oe for instance, recommend that all exterior columns of 


tio 
multi-storey buildings be erected with an accuracy of 1 to 1000 but 


not more than 1 inch towards nor 2 inches away from the building line 


in the first 20 storeys plus 1/16 inch for each additional storey up 


_ ome wee os 
oe 7 ie - . - i. 
74 oe Set 

so thas . jjutae 

7 : 7 are 7 : 7 

awe oh nmol of 
7 ; a : 7 
a ina kiins solrala A e 


(paihitae feubivebal, as 


ened tosriios ait een at cc) Le a “itt 


> fro? afd Wasee 4 ncaa e 
my) : 


apnea de 271.8 ap sno tsoktoo’ ii ee 3 an i P03 
gis eyatode wo silt ad aia : lant  a008% ais waked ane me 


Jy ee 


ratiageat: phn i ; | 
+ & 
® gil at aK We feu ope an: = ma? Us. 
a 
u 


wis veaubee ea 5707 phe, scm 37 


HEE odd pits im iin 


éhutteive ies. wir. 4 


yhgmie oan) ediuriag- as et aa ‘ 
ee” : th : 
svat & ahead wate cehoatet Pet ae! alkenes) anal ne 
et st “\yepaligtzore 4 nytent ferévee io stunt dguaon add ale ae 6 


- _ 


mone. [itw, aol tent ite ety boa 3a al aay Pia 


9) dsr! and 3h atin, wabine rit se waa. fevtsonat 
coy basement ad pric 


bLnent 


2aupbhtat 


i 


i jag 
ail psobsaut ees, a spate eee & Dranese ot 1shT°. a ear 


lid (63) couse vars sae mS atte vines iim yt 
$6 redeucr é ao @hibhed 9! oa no Sox visv enna 
. = 


a ee, 


Nias 


=~ 


a jinn wii 
wal 


A 4 /h = Design out-of-plumb (slope) 


(b) 


Figure 5.1 Assumed deformed shapes 
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to a maximum of 2 inches towards or 3 inches away from the building 
line. The columns adjacent to elevator shafts should also satisfy the 
1 to 1000 limit but in addition should be out-of-plumb by no more than 
1 inch in the first 20 storeys plus.1/32. inch for each additional 
storey up to a maximum of 2 inches. All other columns are considered 
plumb when the error does not exceed 1 to 500. 

Tolerances for concrete columns and walls taken from four 
different standards are given in Fig. 52 ie The Swedish SBN-S25:21 
(Publ. No. 25) regulations are intended for precast columns, while the 
Hus AMA-72 values shown are intended for both precast and cast-in situ 
columns and walls. The ACI (347-68) tolerances shown are valid for 
cast-in situ work, while the British (BSI PD 6440) values are intended 
for both cast-in situ and precast structures. 

There is usually a difference between the actual dimensions 
of an element and those specified. This difference is frequently much 
larger than antthekpanehe nen For example, two studies carried out 
within the past nine years, one in Britain and one in Denmark, showed 
that with precast concrete units, the actual deviations in dimensions 
could be as large as two to three times the tolerances specified. It 
is assumed that the deviations occurred despite serious efforts to 
minimize inaccuracies. This same observation could be applied to the 
actual out-of-plumbs of steel columns and concrete walls. 

In general, the standard of accuracy thought to be attainable 
in building construction appears to be much higher than that actually 
attained in Mec lic de® . Such a statement implies the need for designers, 


specification writers, and constructors to be more realistic about 


the situation. Designers may have to accept the present standard of 


> > 7 7 ( 
a al: ance Bas 
7a i re] 
7 wd gia ‘cae, bi af 


i in ol Te ery 
“Minungaihhe one aot doar 
Hara’ ferns. ate. emmy Ro rite gta) “to tre 
AGE: 414 L toiatiets tom dob pat kt a 

qui). cot? waled eLiow tes vanyhea texan 4105 nt 

LC RES VRE<neibew sd? NST bad Palit me * 96 shinbunde 3 


with Sthitis bis seater dact gah ‘eign ott indée ban Tav- eam _ 
P 

ee ita evn sroda aetngvalad, (Bee THE) (26 «tl .etlew bas ay 
“chuolaiasa Paes Gi in ve {Dane Ga ls) tied tad aq? sitdw atm valet ee on 
evi 2 iene xenootg toe wate ataets age u 108 Sse 
! jeah : » 
toum vlarsepott ut shaursttth — pettroaga veo bn anome Le ai 


a i vnithanions anid ; 


anorecermed Indian ais ist alia pods: tai. a yideuew of praiit 


300 hefsino>. eve boge yw esilqnane ve") 
beware ,dv@pasd ai .enn bra ithagesg bY #00 ,eTnev oofn sy its 
ewotena ia at i hig Tristot “a3 Po? 93972005 sso EN ck 


ii  bstisaoge sopeivtesfos ae ams wissita| of ows es spael aa ad bia a 
ray - 


at BI1GT1sc: abo naan iprnina0 Saptaniveh sits guts b 


ogi 01 babtgqn -ait Plz, WrotSev-ameck mnie SIFT , oes verwapeaih 
faa age Had anil o9 igs Tr ecient tg 
3 etmeasatan 48 4 3 a8 6 Mant as tesomg. 


da ween ‘wolgouaannos. gmt - mm 
OP sonsoany at at intel 


Permissible Inclination, (mm) - 


43 


+30 


+25 | Apna a ET 


+20 pres FS a 
: | 
+15 re Fics | 
— paeeiecs iets tre tae ae J 
ced @ lal Ad 7 | 
& aes 
te 5 Foe 
? 
0 | 


I 7 | 
20 | Oe a eae SS SS ac 
vi pied esate ct! 
-30 | were aria ie 


Specified height, (m) 


SBN - S$ 25:21 (Publ. No. 25): Precast columns 
Rtas a Se REIS UAM ARF) 

Hus AMA (G) 

ae ae we AGI 647-00" Cast it situ 

arth comm she'll] =] eee g 


Figure 5.2 Erection tolerances for concrete columns 
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inaccuracy as a "fact of life" and design all facets of the building 
in such a way that errors can be accommodated. 

Specification writers as well, should not call for unneces- 
sarily tight tolerances. This practice could lead to an excessive 
number of rejections or to protracted arguments. From the viewpoint 
of economy, it is often advantageous to specify the largest tolerance 
which- satisties® the’structtral,) construction, functional, and esthetic 
requirements. If the tolerance limits are too loose, these performance 
criteria will*not*be*™Eulfilied. *On the other hand, if the tolerance 
limits: are) too®tiehnts) the cost’ will increase.” In®the extreme case it 
may be physically impossible to satisfy the limits. 

Finally constructors should reexamine their present practices 


with a view to minimizing inaccuracies. 


Dy) SACCUracy ine’ lambing 


Ref. 38 contains a review of the actual methods of plumbing 
the columns in a structure and discusses the degree of accuracy 
obtainable with each method. The methods depend upon the height 
involved and the degree of exposure to wind. 

Heavy plumb-bobs are used for heights up to 10 ft. Special 
precautions, such as immersion of the bob in a liquid and protection 
of the line against wind,are taken for heights up to 30 ft. The 
accuracy of this method is thought to be +1/8" in 10 ft. For greater 
heights, transits are generally used in plumbing by setting up the 
instrument away from the element to be plumbed and elevating the 
telescope to sweep the full height of the element. The accuracy 
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could be attained with special optical plumbing devices. 

In practice, however, the method used and the precision 
obtained in plumbing determine only partially the final degree of 
plumbness of the members. Ref. 39 illustrates this fact by attri- 


buting the deviations from plumb to four causes: 


14 Deviations in the horizontal placement of the columns. 

2. Deviations in the lengths of the beams spanning between the 
columns. 

Sis Errors in measurement techniques. 

us The assembly procedure, where work at later stages of assembly 


disturbs columns which have previously been adjusted to their 

Mlinal, posttLons . 
To this list might be added the initial crookedness of the columns 
themselves, as well as the adequacy of the hardware used for holding 
the elements in position during assembly. Any corrections after the 
erection stage described in item 4 are either impractical or, if 
applied, could weaken the structure. 

A study of differences in the out-of-plumbs of precast wall 
panels during four stages of construction has been reported in Ref. 53. 


The dispersion of the measurements was as follows: 


Stage Description Standard Deviations* 
a Elements placed by crane 0.0050 
2 Element position after plumbing QO..00L1 
3 Elements fixed in position with mortar 0.0014 
4 Element position after floor slab above 
has been placed 0.0016 


* Appendix A gives a brief discussion of the standard deviation and 
other essential statistical concepts. 
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A similar observation has been reported in Chapter 2 of Ref. 41 as 
applied to steel structures: "It should be recognized that the displace- 
ments of the structural steel frame change during the erection. That 
is, the displacements of a lower storey are considerably affected 

by the subsequent erection of storeys above it. Therefore, it is 
important that the geometrical imperfections should be referred to 

the finished structure, after including heavy floors, vertical 


panels, etc." 


5.4 Design Recommendations 


The design recommendations for stability of structures 
presented in this section are those directly related to structural 


out-of-plumbs. Other stability considerations are not mentioned. 


5.4.1 European Recommendations (European Convention for 


Constructional Steelwork) 


(40541542) maintains that for the columns in a 


The ECCS 
multi-storey frame to be considered braced, the bracing system should 
be adequately designed to resist the direct effect of the factored hori- 
zontal loads, plus the full destabilizing (P-A) effect of the factored 
gravity loads acting on the swayed structure, plus the effects of an 
assumed out-of-plumb equal to 1/200 of the height of each storey or of 
the structure as a whole. The latter requirement refers to an extra set 
of horizontal forces derived from a deformed structure such as that 


shown in Fig. 5.1(a), where all columns lean in the same direction at 


an angle of 0.005 Rad. The recommendations do not mention any specific 
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requirements for the transfer of forces due to out-of-plumbs among the 


resisting elements. 


5.4.2 Canadian Recommendations 


The Canadian Standard 516-1969 6”? 


contains specifications 
for the stabilization of individual columns but does not consider the 
overall stability of the structure. It is specified that columns 
shall be braced in order to develop their full load carrying capacity. 
The bracing must be proportioned to resist at least 2 percent of the 
axial load in the column at the brace location unless a suitable 
analysis is carried out to determine the appropriate strength and 


(43) 


stiffness of the bracing members The rigidity is assumed to be 
sufficient if the strength requirements are met, but braces must be 
securely anchored. For example, braces should not be attached to a 
structure equivalent to that being braced unless the whole assemblage 
is trussed in order to prevent concurrent buckling = 

The "2 percent rule" is also widely used in the United States. 
This provision is based primarily on the results of the investigation 
described in Ref. 44. The study assumed that the member to be stabilized 
was an axially loaded column, two storeys in height, having an initial 
crookedness of h/500 at mid-height, as shown in Fig. 5.3. 

Under the assumption that an additional deflection equal to 
the initial out-of-plumb would occur as the column approaches the buckling 
load, the stiffness of the supporting structure required to force the 
column to buckle with a node point at the mid-height support was 


determined and the equivalent support force computed. The lateral force 


is approximately 2 percent of the axial force in the column. The North 
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P = Column axial load 
K = Spring stiffness 
F = Support force 


Figure 5.3 Model for computation of bracing force 
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American specifications for column bracing are then essentially based 
on buckling considerations. 

In view of the severity of the assumptions involved, the 
requirements have been relaxed somewhat in the recent standard S16.1- 


197436) 


to provide the designer with a more flexible approach based 
on the maximum prescribed erection tolerances for columns. The bracing 
requirement has thus been reduced from 1/50 of the column axial load 
(2%) to either 2/1000 or 2/500, depending on the erection tolerance. 
Ref. 36 also contains recommendations for overall structural 
stability and design of floor diaphragms. It is stated that the sway 
effects produced by the vertical loads acting on the displaced structure 
(second order effects) should not be less than those produced by the 
vertical loads acting on the structure assumed displaced an amount equal 
to the maximum out-of-plumbness consistent with the specified erection 


(23,34) In other words, the structure must at least be 


tolerances 
stabilized against a set of lateral loads computed from the model shown 
jaa Fig. 5.1(a) inclined with a constant Slope of 0.002 (1/500) Rad; 

The deflected contieuration of Fig. 5.1(b),in which the 
column slopes are in opposite directions in adjacent storeys, may 
produce local effects at a given floor level which govern the design of 
beam-to-column connections, diaphragms and other eieienee a 2 The 
girders and their connections must be capable of transferring the 
forces due to the column out-of-plumbs, along with the applied lateral 
loads, to the bracing systems. The provision does not clearly specify 
whether the second order (P-A) forces are considered to be included by 


this procedure or must be transferred in addition to the two forces 


mentioned above. 
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5.4.3 British Recommendations 
; ah, AAG) 

According to the British Standard Code of Practice 
(Addendum No. 1 1970 to CP 116) which relates to structures utilizing 
precast load-bearing wall panels not less than a single-storey in 
height, both the local and general effects of the out-of-plumbs must be 
taken into account in design. The code requires that, in the absence 
Of firm data, san allowance of 0.4¥m (in.) at the’ top: of 9a building 


should be made for the calculation of the forces, where m is the number 


of storeys in the building. 


5.4.4 West German Recommendations 
In the analysis of buildings according to the 1971 West German 


(28,47) 


code for reinforced concrete, DIN 1045 , the designer must consider 
the global stability effects caused by horizontal loads, eccentric 


gravity loads, and unintentional eccentricities of the vertical loads. 


The latter are computed assuming an unintentional inclination of all 


vertical elements equal pene 
A 
“2 ey ee eee (5d) 
Sie hy (in feet) 
where he = the total height of the building. 


The individual floors must also be able to resist a horizontal force 
resulting from accidental inclinations of the columns above and below 
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where h = the average of the two storey heights. 
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The inclinations in the two storeys are to be oriented so that the 
Fesulting torees add rather than subtract (as per File; 5.1(b))). 

The Germans, in fact, have adopted the concept described 
in Fig. 5.1 but have introduced a new element in the form of a variable 
which decreases the magnitude of the deflected slope in a non-linear 


manner as the height of the structure increases. 


5.4.5 Russian Recommendations 

Since the Russian Standards were not directly available for 
examination, some of the concepts in use in that country have been 
extracted from selected Papee clcncha ee 

The Russian designers are conscious of the fact that signi- 
ficant forces from different second order sources are present in 
structures and should be considered in design. They recommend, for 
instance, that the horizontal forces due to column out-of-plumbs, 
column eccentricities, inaccuracies of manufacturing, etc., be computed 
and combined statistically. The resulting forces should in turn be 
transmitted by the floor diaphragms to the bracing system to ensure 
column stability. 

Actual measurements of column deviations from the vertical 
during erection in a number of structures built in Moscow between 1965 
and 1970 reveal that forces due to column out-of-plumbs may be determined 


oes 


Fo= Pe (oo) 
where P = axial load on the column 
€ = total change in slope between two columns at their 


intersection. 
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A statistical analysis, based on measurements made on 


skeletal-type concrete structures, predicts that an equivalent inclina- 


(50). 


tion for a group of n connected columns can be obtained by 


yay) 


The angle aT in this expression is defined as the maximum inclination 
of an individual element and is taken as three times the standard 


deviation obtained from the field data. The prescribed value for 


~_ (50) 


1 s 0.012 and has been criticized in Ref. 48 as being too large 


and reflecting an insufficient standard of construction. However, the 
significance of Eq. (5.4) has been confirmed in Ref. 48 from an 
observation of 20,000 field measurements on prefabricated multi-storey 
skeletal buildings. 

In addition, an investigation of the forces created by n 
out-of-plumb columns on the two structural models shown in Fig. 5.4 


dks The simple 


has shown the existence of a variable safety index 
model of Fig. 5.4(a) represents the braced section of a floor diaphragm 
which is in turn restrained against lateral movement at its extremities. 
Fig. 5.4(b) shows the same structure restrained at only one end. In 
both cases, the slabs are loaded by seven concentrated forces at the 
location of the transverse bents. Each of these bents contains 4 columns 
for a total of 28 for the entire building. 

The bending moment and shear force diagrams obtained from 
field measurements are indicated by the shaded areas in Figs. 5.4(c) and 
d) respectively. These diagrams are compared in the same figures with 


the corresponding diagrams where the forces are calculated from the 


expression F = 4Bo/¥ nm derived from Eqs. (5.3) and (5.4). In this 
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(Trp —ulth=47., then, =F 3.0 
it? Ss = 28 then, 3.02 62 1.7 
lf, n = 28, then, Dp Set. 7, 


F = Force 


6 = Safety Index 

o = Standard deviation 

P = Axial load in column 
n = Number of columns 


(e) 


YH : From field measurements 


_ Figure 5.4 Variable safety index 
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expression, the numeral 4 represents the 4 unit loads from the 4 columns, 
8 is a variable safety index, o is the standard deviation of the measured 
out-of-plumbs (€, = Bo), and n is the total number of columns in the 
structure. For the specific example shown in Fig. 5.4(a), the results 
obtained from the field data are best approximated by the curve corres- 
ponding to Bon. withipiael 76 

From this investigation it has been concluded that for 
bisennsthsySin S8Opeier Licmt<028, 0B variestwand!forntn 22289 6 Sele . 
These results are tabulated in Fig. 5.4(e). 

An observation of the results of 70 such analyses has shown 
that the use of the variable safety index described above gives for 
the shears and moments an acceptable probability of not being exceeded 
in the order of 97 to 99 percent. It will be demonstrated in the 
following chapters that the safety index can be held constant and serve 


the same purpose when other variables are considered. 


5.4.6 Swedish Recommendations 


eee hinged 


In the Swedish concrete regulations (B7-1968 
columns are assumed to be 0.7 percent (0.007) out-of-plumb. The 
structural members serving as bracing (e.g. connections and floor 
diaphragms) must be designed to resist horizontal forces taken as 0.7 
percent of the axial forces on the columns. 

In the study of the global stability of a structure, however, 
the total horizontal force acting on the bracing structure is calculated 
with the columns in one bent inclined at 0.7 percent and the columns 


in the other bents at 0.35 percent. Thus, for a large number of bents, 


the average inclination will approach 0.35 percent. This is to account 


, vo 7 a eg oe 


ue 


tes | See 
PN if hh - php | 


spate oeglon aoe sia er a 


pon ah Ro, es . a" sill sat 
wig nt sates to idea nas | a ‘ 
one (wdink io Diva, Mat foes ia We 
ertukes S89. »' * a 
a7 ¢ ee ae co ; 
| ea sien oa me = . 


by ’ 

< 
+ 
. 


aggtr6h) Seiay sit yd © 
Jaa yet) Bebisfores r38 
svorla eed ssaylene dopa OV ve wi 


: aot esvia evode bekisaa eon. ‘ 
bebasnte, gated! Hob 7t > 434 Ledecane » CHE 


ois nt Baderdennires ad ‘Ela 17 roq 8° : oe to tebz0 Cate 


ane 3 iy 
evrse bos Imevanda bien wit! Pale bint vis oa} veal atopgads senottoh| 


Maelitbed oTh 2s Idgtney ad 30. anata 2 80 


teal nen iy ae ee 


Ce rs é 


wee Ae 


>) 


for the probabilistic nature of the forces. The quantities 0.0035 and 0.0070 
are, by definition, thewinitial Slopes of the structure of Fig. 5.1(a). 

For a design based on the imperfections specified by the 
regulations, the imperfections should be considered to cause forces 
which act in the most dangerous manner on the structure. Ina 
laterally braced building, for example,a configuration of interest for 
the design of the slabs is that in which the floor systems deflect 
alternately in opposite directions so that the columns form a zigzag 
fine (Kies 521(b)) . 

The proposed supplement to section 21 of the Swedish Building 
eeperrione. contains another set of design provisions written 
specifically to account for the horizontal forces resulting from the 
inclination of vertical load bearing elements. The basic content of 
this supplement is summarized in Fig. 5.5. Provisions are made for: 


16 Forces at connections between floor diaphragms and vertical 


elements (Fig. .5.5(a)). 


fe = 0.017 P (5.6) 


24 Forces in floor diaphragms at a specified level i (Fig. 5.5(b)). 


0.024 P 


F, = y¢ + 0.003 p) Co) 
i v 2n. 
32 Equivalent horizontal loads on the entire structure 
(Rig. @o.5 (02) 
0.8 
Ee = 0-00S yp(0.2 + ———_) (5.8) 
a mn 


iH 


where i storey index 


factor accounting for tolerance requirements and degree 


=? 
i} 


of control. 
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Floor Diaphragm Design 
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Hone: 


(c) Overall Stability 


Figure 5.5 Swedish design provisions 
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P = total load on a vertical load bearing element. 
p = load contribution in a vertical load-bearing element 
from the floor above only 
m, = total number of storeys above floor level i 
n, = total number of load-bearing elements at storey i 

It is intended that the loads F, Fis and F;; should be 
combined with other anticipated loads, but not with each other. 

Based on field measurements, a maximum inclination of 0.015 
was assumed for individual elements; 20 percent of this maximum value 
was taken as a systematic variation and 80 percent was assumed to be 
random. Statistical results of measurements given in the next chapter 
indicate that the assumed maximum variation is within the observed 
values of the mean plus three standard deviations. Assuming a normal 
distribution for the random variations, the value of the inclination was 
taken to decrease (with a given probability of being exceeded) with the 
Square root of the total number of load-bearing elements, V mon, . 

The use of the factor yY recognizes the fact that the 
specification of tolerances combined with satisfactory control measures 
can serve to improve workmanship and reduce the variations encountered. 
For normally specified tolerances, y is taken as 1.0, but it can be 
reduced according to the expression: 


0.0075 + A,/h 


pg teks a Pe 5 
i‘ 0.015 (5.9) 


where A,/h is the maximum permissible deviation over the height of 
the load-bearing elements. The value of A fh must be specified in the 
construction drawings and assembly of the structure must be performed 


under adequate control, so that the permissible deviation is not 
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exceeded. The expression for y is based on the assumption that only 

50 percent of the maximum deviation can be adjusted during assembly. 
Ref. 52 gives the following expression for the horizontal 

force resulting from the inclination of vertical load-bearing elements 


in large panel systems: 


HL = gop W+ FB (5.10) 
where H = equivalent uniformly distributed load acting over the 

entire area of the external walls (kg/m’) 

b = width of the building (m) 

W = weight per cubic meter of the structure including 
partitions 

Pp = superimposed load on a typical floor (kg/m?) 

h = storey height (m) 


The derivation of this expression is based on an allowable inclination 
of 10 mm (0.4 in) per storey height, which is considered valid under 
average assembly conditions. The value of H is combined with the 

wind load to calculate the horizontal load transferred to the stiffening 


Walls. 


5.5 Conclusions 


The requirements of several design standards, which attempt 
to account for instability problems due to column and wall out-of- 
plumbs, have been presented in this chapter. Most of the requirements 
are simple in application; others are slightly more involved. Two 


important conclusions are derived from this study: 
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be A statistical analysis is required to correctly represent 
the actual problem. 

Das Only consistently planned field measurements should serve 
as the basis for the derivation of design equations. 


These two observations will guide the course of this research program. 
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CHAPTER VI 


MEASUREMENTS OF OUT-OF-PLUMBS 


In the first part of this chapter the results of measurements 
on column and wall out-of-plumbs available in the published literature 
are presented. The second part introduces a program initiated for the 
purpose of this study to record out-of-plumb measurements on buildings 
under construction. Two tall core-braced buildings and one industrial 
building were investigated. The results obtained on steel column 


segments and cast-in situ concrete walls are presented and discussed. 


Gru Reported Measurements 


The published measurements refer mainly to precast concrete 
structures. The results obtained from precast concrete columns can, 
with a certain reserve, be compared with those obtained from measure- 
ments on steel columns. The order of magnitude of the out-of-plumbs 
and other characteristics differ but several aspects are common to both. 

Results of measurements on the state of plumbness of precast 
column elements and precast walls are presented in Tables 6.1 and 6.2 
respectively. Both tables have been extracted from Ref. 3/7 where the 
authors' original references are listed. Since the measurements were 
taken on elements of different heights, the results are shown. as two 
values where possible. The first value represents the total relative 
lateral displacement while the second (in brackets) expresses the 


displacement per unit height. The initial displacement is defined as 
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References Type of Walls Number of Arithmetic* Standard* 
and Locations Measurements Mean Deviation 
Suu** h = 100" Hay) - Onze Si 
(Sweden) 
Van den Berg Facade Element 
(Sweden) (2 Measurements per 670 0.04 [0.4] (OWA hal, SH 
Element) 
h = 104" 
Klingberg Apartment Bldg. =e 6) 
(Sweden) Hospital - [1.5] 
Butler Cross Wall Elements 
(Britain) h = 96" 
Block S 
Ground Storey 0.00 [0.0] Ompte th ela 201) 
First Storey OnO2 Oe) Op Swe 
Second Storey OPA (hoy?) 0.14 [1.5] 
Third Storey 0.04 [0.4] 0.09 [1.0] 
Block T 
Ground Storey W.02lG-2) 0.19 [2.0] 
First Storey =0.03 [0.3] 0.19 [2.0] 
Second Storey 0.02 [0.2] 0.210) 23) 
Third Storey 0.03 [0.31 O42 ie 3] 
Longitudinal Wall 
Elements h = 98" 
Block P 
Ground Storey 0.04 [0.4] (osu) [als] 
First Storey 0.04 [0.5] 0).14y 1265] 
Second Storey igo ior) On22 Iasi] 
Third Storey 0.09 [0. OF Lem oi 
External Wall 
Element h = 96" 
First Storey OSO)S! MO Sil Meal (hs 
Second Storey 0.08 [0.8] 0). 28 F282) 
Third Storey -0.07 [0.7] Oneal Bi 
Fourth Storey -0.04 [0.4] palsy [ELS 
* All values are given in inches except those in brackets which 


are given in Rad. x 10°. 


kk Absolute 


TABLE 6.2 


values. 


OUT-OF-PLUMBS MEASURED ON PRECAST CONCRETE WALLS 
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the horizontal distance between a vertical line passing through the 
base and the top of the element, as shown in ae aes 

Sil, an Table 6.2, did not consider the direction of the 
inclination of the elements, that is, only the absolute values of the 
out-of-plumbs were recorded. The mean was not given. 

Systematic variations in the out-of-plumbness of the elements, 
that is, mean values different from zero, indicate the tendency of 
the elements to lean in the same direction. In studying the out-of- 
plumb variations of various elements it is preferable to specify 
the ae eecion of the inclinations so that any possible systematic 
variations can be observed. It is not necessarily exact to assume 
that the measurements are symmetric about zero. The signs of the mean 
values in Tables 6.1 and 6.2 are given to indicate that the direction 
of the inclinations was reported. 

A study of initial deviations of precast reinforced concrete 
columns in fifteen industrial buildings located in southern Sweden is 
presented in Ref. 56. Some of the buildings were completed while 
others were under construction. The column lengths varied from 118 
to 550 in. The deviations of the top of the columns from a plumb 
line passing through their base was measured in two perpendicular 
directions using photogrammetric techniques. The results are 
summarized in the histogram of Fig. 6.1. All deviations were taken 
as positive. 

Out-of-plumb measurements on a multistorey braced steel 
frame are given in chapter 2 of Ref. 41. The measurements were presented 
in the form of histograms for longitudinal and transverse displacements 


at specific storeys of the building. The calculated standard 
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(Absolute values) 
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a Ag = 0.39 in 
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Figure 6.1 Out-of-plumbs observed on precast concrete columns (Ref. 56) 
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deviations varied from 0.12 in. to 0.43 in., primarily because of 
the small number of observations recorded. A significant portion of 


the data was found to exceed the prescribed erection tolerances. 


The processing of more than 20,000 field measurements on 
precast concrete columns in Russia resulted in a reduced angle* of 
0.0047 Rad. for column pare pianos The population was found 
to be normally distributed and to follow the predictions of Eq. (5.4). 
Results of measurements on precast concrete columns are also presented 
in Ref. 49 but the interpretation of the data is confusing. 

The columns in three different reinforced concrete buildings 
in the United States of America were measured to determine the 
characteristics of the column sareorelinbe a The purpose of this 
investigation was to analyze the effect of such variations on the 
unintentional eccentricity of loading for reinforced concrete columns. 
An interpretation of the published results was required to derive the 
values listed in Table 6.3. In the investigation, only the absolute 
values of the variations were recorded. 

It can be concluded from these surveys that the out-of- 
plumb population generally follows a normal distribution and that the 
orientation of the deviations is an important factor. When the 
orientation of the deviations is accounted for, the mean of the 


population has a tendency to be small and the standard deviation 


ranges between 0.001 and 0.003 Rad. 


* The exact nature of this variable is not well defined in 
the original Russian publication. 
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Building Number of Standard* 
No. Measurements Deviation 
(Rad.) 


0.00274 0.00277 


0.00216 0.001 


© 00233 0. 00152 


* Absolute Values 


TABLE 6.3 OUT-OF-PLUMBS MEASURED ON REINFORCED 


CONCRETE COLUMNS (REF. 57) 
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6.2 Buildings Investigated 


A total of three buildings were investigated for the purpose 
of defining the statistical characteristics associated with the 
out-of-plumbs of steel columns and concrete walls. 

Buildings A and B are tall core-braced buildings while 
building C is a large industrial building. The results obtained in the 
latter are used to verify if the column out-of-plumb distributions and 
statistical characteristics observed on core-braced buildings pertain 
only to this type of structure. 

The cross-section and dimensions of building A, a 27-storey 
core-braced structure, are given in Fig. 6.2. The structure is 
bisymmetrical and has a central concrete core and 16 steel columns per 
storey up to level number 14. The core width is reduced and two vee 
columns are added from this level to the roof. The storey heights are 
uniform at 12 ft. with the exception of the first and last storeys 
which are 20 ft. high. All connections are simple and are assumed 
hinged. The composite floor system consists of steel beams, steel floor 
deck, and concrete topping. 

The layout of ‘the 34-storey building B is given in Fig. 6.3. 
The structure is non-symmetrical and has a rectangular core consisting 
of nine orthogonal walls. The cross-section of the core is reduced 
at storey No. 20 where wall No. 3 is removed. Storey heights and 
column locations are given in Fig. 6.3. The connections are considered 
to be hinged and the floor system has the same characteristics as the 


floor system of building A. 
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Figure 6.2 Layout of building A (27-storey building) 
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Figure 6.3 Layout of building B (34-storey building) 
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6.3 Method of Measurement 


6.3.1 Column Measurements 

The values of interest in this study are the deviations of 
the columns from the vertical, after the structure has been 
completed. A column does not take its final position until the 
surrounding structure is definitely fixed in place. A reading taken 
immediately after plumbing is thus meaningless. Since measurements 
of the columns in their final positions are not generally recorded by 
construction companies, additional measurements were taken by the 
research staff. For the structures under investigation, the out-of- 
plumbs were measured during building erection after the columns had 
been plumbed but before fireproofing had been applied. At this stage, 
the structures were nearly complete and most of the dead load of the 
building was in place. 

In the case of building A, some measurements taken by the 
surveyor on the construction site were used since they were taken with 
a transit after the columns had been bolted into place. 

A frame together with a string and a plumb bob was used to 
measure the column out-of-plumbs. The frame, shown in Fig. 6.4, 
consists of a main mast with rigid arms at the top and bottom ends. 
The plumb bob string is attached to the upper arm while the bottom arm 
supports a scale. The distance from the steel point on the upper arm 
to the plumb bob string is exactly equal to the distance from the 
steel point on the lower arm to the center of the scale. Since wind 
does affect the readings, an aluminium wind guard was added to eliminate 


this effect. 
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Figure 6.4 Measuring rod 


Column 


via 


ie: 


The rod is placed against the column and the resulting out- 
of-plumb is read directly off the scale (Fig. 6.4(b)). For wide flange 
columns, the rod is held at the web centerline for the reading in one 
direction and on the outside of the flange-to-web junction for the 
second reading, when possible. These precautions are taken in order 
to avoid the measurement of initial twists or other member defects 
not associated with column out-of-plumbs. To avoid the measurement 
of initial column curvature, the rod is extended to the full length 


of the column, if possible. 


6.3.2 Core-Wall Measurements 

The instrument described above was also used to measure 
the deviations of core-walls from plumb. Since a wall is not uniformly 
out-of-plumb at every section, several measurements must be taken at 
regular intervals along the wall. The out-of-plumb of the wall is 


then defined by the average of these values. 


6.4 Results of Measurements 


6.4.1 Column Out-of-Plumbs 

Two measurements were taken on each column along the x and y 
axes, oriented as shown in Figs. 6.2 and 6.3. By definition, a value 
is positive when the top of a column leans in the positive direction 
of the axis. For statistical purposes, it is convenient to use the 
non-dimensional form Ag/h to describe the out-of-plumbs. In this 
Manner, column segments of different heights can be considered 
together. 

It is not realistic to present the measurements taken on 


each column individually. The amount of data is too large and the analysis 
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of individual variables has no significance. As an example, the 
results of measurements taken on the columns in the top four storeys 
of building A are given in Table 6.4. The magnitude and sign of 


the results reflect the random nature of the geomegric imperfection. 


The means and standard deviations estimated from Eqs. 

(A-14) and (A-16) ‘of Appendix A were calculated for buildings A and B 
in two orthogonal directions at each storey. These quantities, 
obtained from less than 30 measurements at a time, are meaningless 

for the present purposes. The absolute values of the means were found 
to vary between 0.0001 and 0.0018 Rad. and the standard deviations 
between 0.00065 and 0.0025 Rad. 

The probability densities* for the sample population of 
column out-of-plumbs from building A are given in Table 6.5. The 
frequency, fis defined as the number of results falling in an interval 
i, is given separately for the measurements in the x and y directions 
and then for the total population. The resulting histograms can be 
normalized by dividing the number of elements in a given interval by 
the product of the total number of elements, n, and the width of the 
interval, w. The frequency is then expressed as a percentage per 
unit length and the area of each histogram is 1 or 100 percent. 

The results of Table 6.5 for the total 916 measurements are 
plotted in Fig. 6.5. The distribution has a mean, Ay/hs of 
-0.44 x 10°* Rad. and a standard deviation, mz OFA OMLG2 senlO, ~ Rad. 


In this case, 13 percent of the measured out-of-plumbs exceed the 


* Defined in Appendix A. 
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TABLE 6.5 FREQUENCY FUNCTION OF COLUMN OUT-OF-PLUMBS 


FOR BUILDING A 
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prescribed tolerance of 1/500. The result was expected. Superimposed 
on the histogram is the normal distribution* calculated from the given 
mean and standard deviation. The area under both the histogram and the 
normal curve is unity. A comparison of the two graphs indicates that 
the out-of-plumb population can effectively be assumed normally 
distributed. 

Two more quantities characterize a distribution. As described 
in Appendix A, the skewness and the peakedness (kurtosis) of a distri- 
bution are defined by non-dimensional quantities. For the distribution 
of Fig. 6.5, the skewness factor is +0.14 indicating that the distri- 
bution is slightly skewed to the right. The kurtosis factor is 4.9, 
indicating a distribution more peaked than a perfect normal distri- 
bution with a kuntosis factor of 3.0. 

Similar histograms are given in Figs. 6.6 through 6.8 showing 
the distributions of column out-of-plumbs measured in buildings B, A 
and B combined, and C. All populations are approximately normally 
distributed. The characteristics are quite similar in all cases and 
are summarized in Table 6.6. The standard deviations given in Table 
6.6 are comparable with those of Tables 6.1 and 6.2. 

The probability densities of the absolute values of the 
measurements for buildings A, B, A and B combined, and C are given in 
Figs. 6.9 through 6.12. The negative part of the normal distributions 
of Figs. 6.5 to 6.8 is literally folded over and added to the positive 
part. The distribution that results when the mean is zero or 
relatively close to zero is called a "half-normal" distribution. A 


description of the half-normal distribution is given in Appendix A. 


* Definition given in Appendix A. 
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Figure 6.9 Distribution of absolute values of column out-of-plumbs for 


building A 
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Figure 6.10 Distribution of absolute values of column out-of-plumbs for 
building B 
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Figure 6.11 Distribution of absolute values of column out-of-plumbs for 
buildings A and B 
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Figure 6.12 Distribution of absolute values of column out-of-plumbs for 
building C 
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The corresponding statistical characteristics are listed 
in Table 6.6. In this table, the values of the mean and standard 
deviation are always positive and of the same order of magnitude, with 
a resulting coefficient of variation (standard deviation/mean) 
slightly lower than unity. The standard deviations of the half-normal 
distributions are 47 percent lower than the standard deviations of the 
corresponding normal distributions. The measure of kurtosis, in the 
order of 6.5, indicates that the half-normal distribution approaches 


the exponential distribution characterized by a factor of 9.0. 


6.4.2 Wall Out-of-Plumbs 

In a manner similar to the column deviations, the wall out- 
of-plumbs are conveniently expressed in the non-dimensional form Ag/hs 
where Ag is the horizontal deviation of the top of the wall from a 
plumb line passing through the base of the wall and h is the height 
of the wall. 

Several measurements are needed to define the out-of-plumb 
of a wall. A minimum of four measurements were taken at regular 
intervals along the walls. In some cases, up to 15 measurements were 
necessary to define the out-of-plumbs of long walls. As an example, 
the values and locations of measurements taken at three adjacent storeys 
in building A are given in Fig. 6.13. The sign convention adopted is 
the same as that used for columns, that is, a value is positive when 
the top of a wall leans in the positive direction of the axis. 

The measurements taken on a cast-in-place reinforced 
concrete wall are not totally independent of each other. This 
observation is based on the fact that a wall is being cast in a contin- 


uous form and that the chance of measuring large out of plumb variations 
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Wall Out-of-Plumbs: Ag/h (X10% Rad.) 


Figure 6.13 Typical core-wall measurements on building A 
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within a short distance along the wall is remote. The average out-of- 
plumb value of each individual wall therefore is used in statistical 
manipulations. This,in turn,implies that the deviations of the 
individual walls forming a core are independent of each other, which 
is a reasonable assumption. 

Two out-of-plumb values are used to characterize a wall. 

One is measured in the direction "perpendicular" to the plane of the 
wall and is the average out-of-plumb discussed above. The second is 
measured in the direction "parallel" to the plane of the wall and is 

the average of the measurements taken at the two extremities. According 
to this definition, the parallel out-of-plumb for wall No. 1 at storey 7 
in Hie. 6913 is (0.002654 0)/2 = 030013 Rad. 

The average perpendicular and parallel wall out-of-plumbs, 
as defined above, are given in Tables 6.7 through 6.10 for buildings 
A and B. The measurements for building B were taken by the research 
team but those for building A were supplied by the surveyor on the job 
site. The results for the 5 storeys above level 22 in the latter were 
not available. 

The perpendicular and parallel out-of-plumbs are plotted 
separately on Figs. 6.14 through 6.19 for building A, B, and A and B 
combined. The type of graph used is the same as for the column data. 
Once again, each discrete distribution can be fitted by a normal 
distribution. 

The characteristics of each statistical distribution are 
summarized in Table 6.11. The standard deviation can be taken as 
0.0028 Rad. for both parallel and perpendicular out-of-plumbs. For 


all practical purposes, a common mean value of 0.00028 Rad. can be 
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* Wall numbering given in Fig. 6.2. 


TABLE 6.7 


PERPENDICULAR WALL OUT-OF-PLUMBS FOR 


BUILDING A 
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TABLE 6.8 


x 10° Rad. 


Wall No.* 
1 2 3 
20 -10.42 0.00 
30 0.00 0.00 
00 74 OV43 
43 -1.74 -0.43 
34 4.34 Opes 
47 Osan, -1.74 
30 -0.87 -2.17 
04 -0.87 Lave 
43 0.00 1274 
60 -2.60 oe ly 
04 3.04 -3.47 
87 -0.43 Og43 
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30 fs ld ae 
30 -1.30 0.43 
Sap 0.87 1530 
74 0.00 -0.43 
08 -2.15 -0.54 
29 0.00 0.00 
13 0.00 2560 
87 -0.43 -0.87 
74 4.34 0.00 
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Out-of-Plumbs : x 10° Rad. 
Storey Wall No.* 
uF 2 3 4 5 6 7 8 9 

34 -0.97 |-0.83 - 2.76 | -2.19 1.46 1,98 1.48 | -0.42 
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25 0.05 1-0. 21. - =f dk =O. 32 POLS ea 7! Jus cet he Or 
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ae 0.63 i 32 - 2.08 | -3.13 f—1.88 0.3L 5 =-1L.30. 1-G, 22 
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PERPENDICULAR WALL OUT-OF-PLUMBS 


FOR BUILDING B 
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Out-of-Plumbs : x 102 Rad. 
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TABLE 6.10 PARALLEL WALL OUT-OF-PLUMBS 


FOR BUILDING B 
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assumed for both types of out-of-plumbs, therefore eliminating the 
need to differentiate between perpendicular and parallel deviations. 
The values listed in Table 6:.01Aalso demonstrate that the distri- 
butions are slightly skewed and somewhat more peaked than a normal 


distribution. 
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CHAPTER VII 


STATISTICAL ANALYSIS 


7.1 Effects of Column Out-of-—Plumbs 


Since the column out-of-plumb population is normally distri- 
buted, the variate Aj/h can be standardized as described in Appendix A. 
A design value for column deviations from plumb is obtained by 
rearranging the terms in Eq. (A-44). 
A iy 
h re + 8 om Dm uleet is) 
In this expression A4/h is the distributed random variable, B is the 
standardized A,/h value, Ao/h is the arithmetic mean of the discrete 
population, and 2a is the standard deviation. 

In the present study, the mean, valued at -1.0 x LOD uRad. 
in Fig. 6.7, may clearly be neglected in Eq. (7.1). In other words, 
the population is assumed normally distributed about a mean of zero. 


The expression is then reduced to 


= £6 0. C7 é2) 


The quantity 8 is found from the "Tables of the Standard Cumulative 
Normal Distribution" (Table A-1) for a prescribed cumulative probability 
of occurrence. For example, the probability of having a value falling 


within the limits + 20, is 0.9544. The selection of an appropriate 8 
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in the present case is very arbitrary. A study described in Ref. 58 has 
shown that the probability of failure of a building under normal 
conditions should not be higher than 3 x 107" during the 30-year life 

of the structure. This corresponds to a 8 factor of approximately 3.5. 
A factor of 3.0 has been used in Ref. 61 in the derivation of design 
criteria based on limit states. The New Canadian Standard CSA-S16.1, 
"Steel Structures for Buildings - Limit States Design", has used 8 


factors ranging between 2.9 and Ae 


The selected factor, 8B, 
commonly called the "safety index", should fall within these limits. A 
conservative 8 of 3.5 corresponding to a probability of being exceeded of 


4.6 x 10-* will be used in this thesis. This choice will be subject to 


further discussions in Appendices B and C. 


/2t..' Horizontal Force atsConnection Point 

The horizontal forces shown in Fig. 2.2 result from the fact 
that the column is out-of-plumb. The force PA /h, for instance, is 
transmitted by the connection to the beam or floor diaphragm and then 
to the core. A safe estimate of this additional force in the connection 


is: 


Fy = Bo .P Se Sex OOUL/ P= 0,006 P CI.53) 


where Fy is the absolute value of the force, P is the factored axial 

load in the column obtained for a specific load combination, B = 3.5, 

and cn 0.0017 from Table 6.6. Equation (7.3) indicates that a connection 
between one column and the adjacent beam should be designed for 0.6 

percent of the factored axial load to resist the force created by the 


out-of-plumb of the column. The force Fa has a probability of not being 


exceeded, defined by the safety index 8, of 99.954 percent or, in 
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other words, a probability of being exceeded of 4.6 x lOeee Lie Poas 
assumed deterministic.* 

In the common case of two column segments connected at a floor 
level and having different axial loads, different heights, and different 
out-of-plumbs, the extra force, F, at the beam-to-column connection is 


an algebraic summation of the type shown in Fig. 7.1. 


Rope eA PA 
is F = Pix ae Poy 

os. § 
and X NC,» OES ee eae ‘ o* 

~> 2 2 2 
Then F NCP) H,, + Po ee v Pi oe + Be oo ; 
if independence is satisfied.t 
For H ~ oe = 0 and of = Me = 0, 


F =o N(Os40v eG 4 Ps) 


Thus, in the case of two column segments, the force F is still normally 
distributed and has a new standard deviation defined as above. 


Equations (7.2) and (7.4) are combined to give: 


it 2 
Fy Bo v Pi + i Ci) 


where Fy is the absolute value of the extra force used in the design of 


a beam-to~-column connection when two columns are present. When Py = Po» 
Fa = 3.5 x 0.0017 x V2 P = 0.0084 P. The extra force to be resisted 


by the connection as given by expression (7.5) is 0.84 percent of the 


* See Appendix B 


+ See Appendix C 
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Figure 7.1 Horizontal force required to stabilize two out-of-plumb columns 
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average axial load in the columns, which is significantly lower than 


the 2 percent presently uous tas, 


7.1.2 Horizontal Shear in the Plane of the Floor 

The out-of-plumbs of the columns above and below a given 
floor produce extra shears in the plane of that floor. For example, 
the floor system of Fig. 6.2 must transmit to the core an extra shear 
resulting from the 16 out-of-plumb columns on lines 8 to 15. These 
columns have random inclinations and the resulting shear (for example 


in the x-direction) is: 


PAY) 


leas le (726) 


where n= 16, the number of columns considered in the example. 
As in the preceding case, an expression for F may be obtained 
from the statistical sum of the standard deviations corresponding to 


the 16 columns. 


nh 
F, = Bo v P Oe) 


j=l 
Fy is the absolute value of the extra horizontal shear due to n out-of- 
plumb columns and P. is the factored column axial load for the load 
combination considered. The other terms have been defined previously. 


Equation (7.7) is general and includes Eqs. (7.3) and (7.5), applied 


previously to connection design, for n = 1 and 2. 


7.1.3 Moment in Floor 
Moments in any portion of a floor due to a group of out-of- 


plumb columns can also be determined. For example, the moment in the 
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plane of the floor at point 0 in Fig. 6.2 is produced by the x and y 


out-of-plumbs of the columnson lines 8 to 15, thus: 


6 PA. PA 
M = - i ce oa fli C78) 


j=1 


Tne) (78). L.. and b.. are the lever arms in the x and y directions 
from the column to the point at which the moment is calculated. Since 
L, and th are also coefficients (similar to P), the same summation 
rule applies. 


n 
i) ca / | FeGbege LT: SD) 
ae eee 


M, is the absolute value of the design moment in the plane of the floor 


due to a group of n out-of-plumb columns. 


7.1.4 Shear in Core 

The core (or any other bracing system) must stabilize the 
columns by resisting the forces induced by the vertical loads acting 
on the columns in their deformed positions. Fig. 7.2 shows that the 
absolute value of the out-of-plumb shear resisted by the core between 
floors i-1l and i is S and depends only on the out-of-plumbs of the 
columns at storey i (storey below floor level i). 
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Figure 7.2 Shears and moments in core due to column out-of-plumbs 
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where Sa is the absolute value of the shear in the core at storey i 


caused by the out-of-plumbs of the columns and ae is the factored axial 


load in column j. The summation extends over the n; columns in storey i. 


7.1.5 Moment ini:Core 
Fig. 7.2 shows that the moment at floor level i due to the 
out-of-plumb columns is: 


m 


Hi = gas Ty Ge) 
i eco) pe 


where k is a storey index used for storeys above level i. Substituting 


Sy as given by Eq. (7.10) in the expression for the moment, gives: 
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Transforming again for the other summation yields: 


nN 
m k ; 
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k=i+1 


where May is the moment in the core at floor level i caused by the out- 


of-plumbs of the columns, Sak is the shear at storey k given by Eq. (7.11), 
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hy is the height of storey k, and m is the total number of storeys in 


the building. 


Joie) LOngUesi ne Core 

The torque due to out-of-plumb columns, at a specific storey 
of the core, depends only on the columns at that storey in a manner 
similar to the shear. The torque at each storey is obtained by combining 
the expressions developed for the moments in the floors (7.9) and the 


shears in the core (7.11). 
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where Ly and Be are the distances (lever arms) along the x and y 


axes between a particular column and the center of resistance of the core. 


7.1.7 ‘Lateral Deflections 
An equivalent column inclination, A4/h, constant for a 
specified number of columns may be obtained from Eqs. (7.6) and (7.7). 


For F = F 
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This equation would be considerably simplified if expressed only in terms 
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ae is constant for all the columns gives: 


a Cg) 


Generally, the column axial loads differ greatly in a structure. As 
demonstrated in Appendix D, the formulation (7.17) is always unconservative 
with respect to the “exact" expression (7.16). It is also demonstrated 


in the Appendix that 


ae (7.18) 


gives a safe estimate when n is reasonably large. For structures of 
one and two storeys, Eq. (7.16) is recommended. 

A set of horizontal forces is obtained from the structural 
configuration shown in Fig. 5.1(a) where the constant slope is defined 
by either one of the equations above. These forces can _ be added 
to the wind forces and used to calculate the lateral deflections of a 
structure. Applications of Eqs. (7.16) and (7.18) are given in the 


next chapter. 


7.2 Effects of Wall Out-of-—Plumbs 


The results summarized in Table 6.11 show that the perpendi- 
cular and parallel wall out-of-plumb populations can be described by 
a normal distribution and statistical characteristics common to both. 
Conservatively, the mean, o/h, is taken as 0.00028 Rad. and the 
standard deviation, O as 0.0028 Rad. 

Since the core depends entirely on itself for stability (the 


frame is assumed pinned at each floor level and the core cantilevered 
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from the foundation), only moments, torques, and extra lateral 
deflections induced in the core by the wall out-of-plumbs must be 
calculated. 

The deviations measured on the walls are affected in some 
ways by the presence of variations in wall thickness. The problem 


is treated in Appendix E. 


7.2.1 Moment in Core 
The expression used to describe a standardized normal 


variable (A-44) can also be used to describe the wall out-of-plumbs: 


—_—_ = + Bo. C719) 


where A,/h is the design wall out-of-plumb and 8 is the safety index 
introduced in section 7.1. The moment due to out-of-plumbs at the 


base of the one~-storey wall shown in Fig. 7.3(a) is: 
M = PA (7 22.0) 


where P is the total factored load carried by the wall and Ay is 
the actual averaged out-of-plumb of the wall. Similarly, the 
moment in either the x or y direction at the base of the one-storey 
core Section of Figs /.35(b) is: 
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where E is the factored axial load carried by one of the n individual 


wall segments and A is the actual perpendicular or parallel out-of- 


03 


plumb of the wall, depending on the direction considered. 
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a) One-storey wall 


b) One-storey core 


Figure 7.3 Moments in one-storey walls 
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Equations (7.20) and (7.21) together with (7.19) may be 


adapted for design by the transformation of section 7.1.1. 


A n 
M, = E (Ph) , + Boy (Ph) * ($22) 
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The terms in the above expression have been defined previously in 
this chapter. 

Equation (7.22) would be simplified if the mean were 
neglected. The actual mean could be zero, as in the case of column 
out-of-plumbs, due to the similarities between these two variables. 

It is possible that the measured mean is different from zero by reason 
of the relative small sample size (379). The question, at this 

point, is to find the percentage of the total moment that is 
contributed by the mean in practical situations. 

Assuming constant axial loads, Eq. (7.22) becomes 
M, = 0.00028 n Ph + 3.5 x 0.0028 Wn Ph. The ratio of the first term 


d 


to the total expression for My gives 


0.00028 Vn 
0.00028 vn. + 0.00938 


which is the percentage contribution of the mean to the total moment 
in terms of n. For n =1, the mean accounts for less than 3 percent of 
the total but for n = 5 and 20, the contributions are 6 and 11 percent 
respectively. 

Assuming, for the reasons listed above, that the mean could 


be negligible, Eq. (7.22) would become: 
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and 0, is taken as 0.0028. The validity of Eq. (7.23) will be discussed 
in the next chapter. 

The design equation for the moments due to initial wall 
deviations in a multi-storey core is obtained in a manner similar to 
Eq. (7.13) for column out-of-plumbs. Using the notation adopted in 


Fig. 7.2, the moment is calculated as: 


M. = ys (7.24) 
k=i+1 vk 

where M,, the moment at level i, is the algebraic summation of the 
individual storey-moments above level i. When the contribution of 


the mean is accounted for, the corresponding design equation becomes: 


= n n 

Ay m k m k : 
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When the contribution of the mean is neglected, this expression is 


reduced to: 


m 
Nd oe ee ae) (7.26) 


a kein ¢* 
where Moy is given by Eq. (7.23) for each level k above level i. 
The variable n in Eq. (7.23) is then replaced by Ny» the number of 


walls at storey k. 


7.2.2 Torque in Core 


The cantilevered wall shown in Fig. 7.3(a) is stabilized 
against the in-plane out-of-plumb by a moment at the base. However, 


due to the relatively small thickness of the wall, the stability against 
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an out-of-plumb in the orthogonal direction must be ensured by some 
means other than the wall itself. 

As an example, the support required to stabilize wall No. 2 
in the y-direction, as shown in Fig. 7.3(b), is provided by the adjacent 
walls, Nos. 3 and 4, spanning at right angles. Assuming conservatively 
that the base of wall No. 2 is pinned in the y-direction and that the 
supports of the adjacent walls are only effective at the top of the 
wall. 4 totale honizontal force of value PAL fh is induced to stabilize 
wall No. 2. The out-of-plumb value for wall No. 2 in the y-direction 
ise. 

y 

This force, however, is not distributed equally to the 
stabilizing walls (Nos. 3, 4) since the wall to be stabilized (No. 2) 
has variable out-of-plumbs at different sections. When several 
walls are assembled orthogonally to form a core, the presence of 
these unbalanced forces could result in the formation of a significant 
torque in the core. 

A set of unequal horizontal forces on a wall can be visua- 
lized as a corresponding force applied eccentrically with respect to 
the center of the wall. The eccentricity of this force is a function 
of the actual state of plumbness of the wall and consequently 
characterizes that wall. The eccentricity can be considered as a 
variable with a particular distribution and can be evaluated from 
the out-of-plumb measurements taken on the individual walls by the 
procedure described below. 

As shown in Fig. 7.4, a wall may be subdivided into as many 
segments as there are measurements taken on that wall. The contri- 


bution of the wall to the total torque can be approximated by: 
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Torque (positive clockwise) 


Center of resistance of the core 
Distance from segment k to the center of the wall 


Total length of the wall 


: Location of measurements 


Figure 7.4 Evaluation of ratio e/L 


Ly 


a =~ 
OA a 


VI es 
aad pee ou a 


SE AeA ee SSS ‘ 


Vida 2 


SILLIEE 


4 


nt ll, ee mall ae aaa 
ote 


wna ee a = a 
5 
. 


1 


+ ite aio aupnoT 0 


or ire =r ayeiee to yetnaD ane 
ier ae %s om rage anerst senate 


118 


Ss A 
T= Pe = 5 (8), 
k=1 
where 

T = resulting torque 
P = total factored axial load on the wall 
e = equivalent "eccentricity" 
Ss = number of segments in a wall 

PL = axial load carried by segment k 

‘Ok = measured out-of-plumb of segment k 
Le = distance from the center of segment k to the center 

of the wall 

h = height of the wall 


Making the assumption that each segment carries an equal share of 


the total load on the wall and solving for e, gives: 
fk 
P 
The ratio PL /P is equal to 1/s. Dividing both sides by the length, 
L, of the wall gives: 


A 
pen) Pe ' 
See » on Ik Gaer. 


The measured out-of-plumb, Ay/h, of each segment k is multiplied by 

the ratio & /L pertaining to that segment. The sum of the s individual 
products is then multiplied by a constant, 1/s, to result in a 
dimensionless equivalent "eccentricity", e/L, which characterizes 


the wall. 
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These quantities are listed in Tables 7.1 and 7.2 for the 
walls of buildings A and B respectively. The values are then plotted 
separately for each building in Figs. 7.5 and 7.6 and combined in 
Fig. 7.7. The characteristics of each distribution are listed in 
Table 743% 

The distributions are approximately normal. They are 
reasonably peaked and slightly skewed. The absolute value of the 
mean e/L, can be taken as 0.5 x 107* and the standard deviation, 
O,> as 4.0 SAlO 

The contribution of a wall to the total torque in a core 


is then) calculated! as: 


7 CLeEZo) 


= £720 OMS2) 


The safety index 8 is 3.5. 


The design torque in the core at any storey i is obtained 


from a statistical formulation combining the two expressions above. 
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di an 5 e Peal j 

The torque at storey i depends only on the n, out-of—plumb walls at 

that storey. By assuming an eventual mean of zero for a population 


with a larger sample dimension,Eq. (7.30) would be reduced to: 
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* Wall numbering given in Fig. 6.2 


TABLE 7.1 VARIABLE e/L FOR BUILDING A 


Vi coe 


* Wall numbering given in Fi at eae 


TABLE 7.2 VARIABLE e/L FOR BUILDING B 
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TABLE 7.3 STATISTICAL CHARACTERISTICS FOR e/L 
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The two equations above are only applicable to a reinforced concrete 


structure consisting of an orthogonal assembly of cast-in situ walls. 


7.2.3 Lateral Deflections 

It has been demonstrated in section 7.1.7 that a structure 
deflects laterally as the result of the axial loads acting on the out- 
of-plumb columns. In a similar manner, the axial loads acting on the 
out-of-plumb walls forming the core force the structure to deflect 
an additional amount. As shown in Fig. 7.8(a), a vertical load P 
applied to an out-of-plumb wall section induces an additional lateral 
deflection A‘. The moment at the base of the one-storey wall is 


0 


then the sum of the moment PAG defined in section 7.2.1 and a smaller 
moment PAS. 

An estimation of the component PAG of the total moment can 
be obtained from the equivalent model shown in Fig. 7.8(b). A 
fictitious horizontal force PA,/h is applied at the top of the 
perfectly vertical wall section. In a manner similar to the iterative 
procedure described in Chapter III, the structure is analyzed to 
determine the converged moment P(AD oP Ao) and the corresponding 
deflection Ao: 

The model shown in Fig. 7.8(b) can be used to evaluate an 
equivalent wall out-of-plumb value, A,/hs for the general case of a 
combination of n walls. The derivation is similar to that of section 


7.1.7 for columns. The fictitious force at the top of the wall 


section is: 


) ite.) 


sjatones havretals.: a a3 9 


oliaw wtte ni-seso to, yidmesaa t 


sywdortsa «& Sade {.4. 5 


-jxo sd} po gnbvae ebeol ita. alten aa 
ody go gtiton whept Lebxs “ 
gpollab o9 sipyoutte off dain ection ata 
4 thal cao ® (Cae 5 a wi — ea 
fousred Leiotohbbs ne s9o0Gnt nansupe bev doug ten oi 
et tiew ystoge-w0 wa oh 2! se a ev 
<sifeme o han PS.) oolhioge a bata it rn ad3 caida 
ne Me mae. sate 
ago dnote Enapt ag: 20 pbe) iedainnn’ #3 Yo mae ; 
5 Godek pe ot tonal, Labbe shetav tins fs not tho 
oly oa S830 bettqas at f\ght 220) 
oviterst: off 6 Xelliike Tamed ao) cords Lie Saparer 
oY mse ienvet a susie ait tity sired ot rsseebh: wt ms 
wnt! earieiadeic i a) Ake pp ata maaan | oe a 
eta - 


ai “* 


127 


Initial position —-|———— 


> 
°o 
| 


= Initial wall out-of-plumb 


Ag = Growth in initial out-of-plumb 


M=PAp +PAg’ 


a) Cantilevered out-of-plumb wall section 


PAg/h 


PAo 


b) Equivalent Model (First order values shown) 


Figure 7.8 Effect of wall out-of-plumbs on the lateral deflection of a core 
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olla gn (7032) 


Eq. (7.32) combined with Eq. (7.19) becomes: 


44 
Fy = a IP ge Bo, je (7,33) 
For n walls, 
n PA, 
F = Ds ares CJ] 34) 
j=1 ' 
or 
dy n Jn : 
F = —- 2 P,) + Bo eee (7935) 
d h oer j W fol 5 


An equivalent out-of-plumb, A,/h, constant for a specified number of 
walls mayube’ obtained from Eqs. (7.34) and (7.35). For F =F 
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According to Appendix D, this expression can be written as: 


A 
Ss = 5+ (7.37) 
: Vn 


Assuming that every wall is out-of-plumb in the same direction by the 
amount A,/h given imped. (7.3/7), & set of horizontal forces, at each 
floor level can be calculated. 

The total sway of a structure is obtained by a second order 


analysis where the applied forces are those caused by the wind loads 
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together with the lateral forces due to column and wall out-of-plumbs. 
A statistical combination is required to account for the fact that the 
walls and the columns may induce deflections in opposite directions. 


The total lateral load at a specific floor level is then: 


4 2 2 
e pind +7 Be eal W 7-32) 


where H and H are the lateral loads representing the effects of the 
column and wall out-of-plumbs respectively. 

Eq. (7.38) is not exact if the mean in expression (7.37) 
is to be included. The exact expression can be easily derived but is 
more complex. However, the difference in the results is not significant 


and Eq. (7.38) can be adopted. 


7.3 Summary 


The various statistical characteristics that have been 
recommended for use in design in this chapter and in the previous 


one have been summarized in Table 7.4. 
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CHAPTER VIII 


APPLICATIONS 


Several equations serving different purposes have been pre- 
sented in the previous chapter but no examples of applications have 
yet been presented. In this chapter the applicability of these 
equations will be checked against the corresponding results obtained 


from the measurements taken on buildings A and B. 


8.1 Column Out-of-—Plumbs 


Scke.l Forcesat Connection: Point 
A connection between one column and a beam must be designed to 
resist the extra horizontal force due to the eventual out-of-plumb of 
the column. This force was estimated as 0.6 percent of the factored 
axial load in the column. The force is increased to 0.84 percent of 
the average axial load in the more common case of two column segments 
connected at a floor level,as shown in Fig. 7.1. 
Two cases must be considered in the transfer of these forces 
in a braced structure: 
is The bent to be designed is stabilized by a stiffer structure 
outside the plane of the bent. This could be the case, for 
instance, for column stacks 1 to 6 in the structure shown 
in Fig. 6.2. The extra forces originating from each column 
stack are directly transmitted to the core by the floor 


diaphragms. The individual connections must be designed for 
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horizontal shears equal to 0.6 or 0.84 percent of the column 

axial loads, depending on the case (see section 7.1.1). 

The floor diaphragms, in turn, must be designed to resist 

the appropriate horizontal shears given by Eq. (7.7). 

Ze The bent to be designed is braced in the plane of the bent. 

The extra shears due to column out-of-plumbs are transferred 

from bay to bay and the connections must’ be designed 

accordingly. 

An example showing the gradual increase in the horizontal 
force, when transmitted to the bracing system, is given in Fig. 8.1. 
The columns in the upper and lower storeys of the frame carry 
individual axial loads of 1/70 and 340 kips respectively. According 
to Eq. (7.7), the force in the girder a-b is 2.26 kips and originates 
from the two left hand columns. The force in girder c-d is 3.2 kips 
and is produced by the axial loads acting on four out-of-plumb columns; 
the shears being transmitted from left to right. The force in girder 
e-f is 3.92 kips and the bracing system finally resists a total force 
of 4.52 kips. The gradual increase in shear is non-linear and the 
connections in the vicinity of the bracing structure have to resist 


the larger shears. 


8.1.2 Shear in the Plane of the Floor 

The horizontal shears in the plane of the floor, estimated 
by Eq. (7.7), are compared to the values calculated from the measured 
column out-of-plumbs in buildings A and B. The actual forces in the 
x and y directions, calculated for all the columns at each storey, 


are listed in columns 3 and 4 of Tables 8.1 and 8.3. The corresponding 
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Figure 8.1 Transfer of shear in beam-to-column connections 
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Shear in Core 
(Kips) 


Floor | Storey 
No. Height 


Storey Force 
(Kips) 


Moment in Core Torque 
(Ft.-K.) in Core 


ee 


0. 0.04 10.74 

0. 0.40 95.94 

2. - 1.95 153.73 

She = 5498 = RS ARyA 

4. - 0.85 233.97 

Re = 6.34 263.58 

- 6. — 0.54 368.55 

por <I Ag) 237.40 

oe - 2.99 Sea 

4. 1.45 015.97, 

= = 2.27) 61). 22 

2. 0752 184.65 

an! a0: 5 ~501.93 

5. - 0.88 182.83 

15. 14.53 830.05 

255 =I! 157.17 

14. 2.02 -377.64 

Tet 134.00 

9 = 9.28 -55.01 
8 - 4.44 90.17 
7 -14.16 1078.75 
6 1.64 248.03 
5 7.10 343.89 
4 21.40 484.79 
3 24.42 86.21 
2 -21.55 816.59 
1 -24.58 -670.28 


TABLE 8.1 FORCES IN BUILDING A FROM ACTUAL 


COLUMN OUT-OF-PLUMBS 
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TABLE 8.2 FORCES IN BUILDING A FROM STATISTICAL CALCULATIONS 


A Se b 
~~ 


a a St ae 
-_ * SS 


a0 
a 
. re halal 
omy ah aa i. 4 
a) 


1- ets 
a } 


te 


a i 
ae ma 


| | Bee 
divine | ei 
ie 


136 


Moment in Core 
(Ft.-K.) 


432.96 
605.52 
721.44 
591.00 
736.20 
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547.32 
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339.96 
445.44 
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8 2 al? 35.16 142.92 
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5 24 =SGel4 21.83 127.56 
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3 16 = 3), Up 4.27 585.60 
2 15 17.49 6.17 912.96 
at 15 5.64 S615) 1748.31 1312.41 
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TABLE 8.3 FORCES IN BUILDING B FROM ACTUAL COLUMN OUT-OF-PLUMBS 
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TABLE 8.4 FORCES IN BUILDING B FROM STATISTICAL CALCULATIONS 
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storey forces given by Eq. (7.7) are listed in column 4 of Tables 8.2 
and 8.4. The absolute values of the measured and predicted forces 
described above are compared in Figs. 8.2 and 8.3. The forces obtained 
from the measurements are represented by the solid circles. The 
direction of the forces is not relevant since the only purpose of these 
figures is to compare the observed and predicted magnitudes. Equation 
Che ye wiLtiers +73 eo) and oh 0.0017 Rad.,appears to be an upper bound 

on the predicted forces in the floor diaphragms. 

If more measurements were available from several similar 
structures, the computed values shown by the solid circles would 
eventually fill the area corresponding to the predicted values with a 
density corresponding to that of a normal distribution. Depending on 
the probability chosen for design (8 factor), a few points may be found 
outside the limits. In the absence of measurements, such a situation 


(54) 


can. be artificially created by a Monte Carlo simulation In this 
method, applied to the present case, out-of-plumbs of known distribution 


and characteristics are randomly generated by a computer for every 


column segment in a fictitious structure. 


8.1.3 Moment in the Plane of the Floor 

The adequacy of Eq. (7.9) in predicting moments in floor 
diaphragms due to column out-of-plumbs can be checked as in the previous 
section. The results obtained from Eq. (7.9) are senpaved in Pies 
8.4 and 8.5 with those taken from column 5 of Tables 8.1 and 8.3. 
These figures and others to come in this chapter have the character- 
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Equation (7.7) 
(8 = 3.5, 0, = 0.0017) 
(Col. 4, Table 8.2) 
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Measured values— 
(Col. 3, 4, Table 8.1) 


Oo Nn 


60 


Hn 
oO 


30 40 
Storey Force (Kips) 


° 
rs) 
NO 
° 


Figure 8.2 Force in the plane of the floor at each level of building A 


E somes bed —s we SES Se aa 
BS ERTEEE: WEEE 
ES a RT BR ass Fe 
or tao, eee re 7: | tS 
” ear Ee TR OE ad iftiyr 


[red nase ia RU ‘ area! a me | i 
3 +7 ee <a TAR PTE = 
Phage ght at seecereumaas rs ae 
aS eee i 
‘ ene Aes SES BRT 
‘(0 eT = year c- 7 
, a a re ap 


it cE RE. i aa) 


28, 
(e) 
o 
> 


w 
ie) 


nN 
.o,) 
© 
6 


I 


Equation (7.7) 
(6 = 3.5, o, = 0.0017) 


(Col. 4, Table 8.4) 
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Measured values (Col. 3, 4, Table 8.3) 


1o2) oS 


(2) 


40 50 60 70 80 90 
Storey Force (Kips) 


° 
rs) 
RO) 
° 
WwW 
rs) 


Figure 8.3 Force in the plane of the floor at each level of building B 
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Figure 8.4 Moment in the plane of the floor at each level of building A 
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Equation (7.9) 


Storey 


Or 


So 


Measured values 


° 
2: 
O1 
| 
» 
22 
© 
jee) 
Ww 
| 


La 


nn 


° 
° 
rs) 


Storey Moment X10-2 (Ft- K) 


Figure 8.5 Moment in the plane of the floor at each level of building B 
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The moments shown are calculated, for convenience, by consider- 
ing every column present in the structure at each storey. In this 
particular case, n becomes n, and Eq. (7.9) takes the form of Eq. (7.15) 
derived to calculate the torques in the core. These results are listed 
in column 7 of Tables 8.2 and 8.4. The figures show that Eq. (7.9) 


provides a good estimate of the moments in the floor diaphragms. 


8.1.4 Shear, Moment, and Torque in Core 


Calculations and figures are provided in this section to 
Verity the application @f Eqs. (7.11), (7.13) ‘and (7.15)5. all three 
expressions giving estimates of forces to be resisted by the core. 
The measured and predicted shears resisted by the core at each storey 
of buildings A and B are compared in Figs. 8.6 and 8.7. Similarly, 
the moments are compared in Figs. 8.8 and 8.9 and the torques in 
Figs. 8.10 and 8.11. The plotted quantities are taken from Tables 8.1 
to 8.4 and their respective origins are indicated on the figures. 


In each case, the proposed equation seems adequate. 


8.1.5 Lateral Deflections 

The presence of out-of-plumb columns in a structure forces 
the structure to sway laterally. All the columns participate in this 
action. In the case of building A, the lateral deflection curves 
obtained from the measurements in the x and y directions have been 
plotted in Fig. 8.12 against the results given by the equations derived 
in section 7.1.7. Curves 1 and 2 show the results of Eqs. (7.16) and 
(7.18) while curves 3 and 4 present the actual deflections obtained 
from the measurements. The values shown in abcissa have no units since 


they only serve the purpose of indicating the relative deflections. 
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Equation (7.11) 
(6. =83.540.8=.0:0017) 
(Col. 5, Table 8.2) 


Shear (Kips) 


Figure 8.6 Shear due to column out-of-plumbs in the core of building A 
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Equation (7.11) 
(6 = 3.5, o, = 0.0017) 
(Col. 5, Table 8.4) 


Shear (Kips) 


Figure 8.7 Shear due to column out-of-plumbs in the core of building B 
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Equation (7.13) 
(8=3,5f02 ="0/00117) 
(Col. 6, Table 8.2) 
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Figure 8.8 Moment due to column out-of-plumbs in the core of building A 
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Equation (7.13) 
(6 = 3.5, o,= 0.0017) 
aC all a NS (Col. 6, Table 8.4) 


Measured values 
(Col. 8.9, Table 8.3) 


0 5 10 15 20 22 30 35 
Moment X1072 (Ft- K) 


Figure 8.9 Moment due to column out-of-plumbs in the core of building B 
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Equation (7.15) 
(6 = 3.5, o,= 0.0017) 
(Col. 7, Table 8.2) 
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Figure 8.10 Torque due to column out-of-plumbs in the core of building A 
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Equation (7.15) 
(8 = 3.570, = 0.0017) 


: le 8. 
Gorey (Col. 7, Table 8.4) 
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Figure 8.11 Torque due to column out-of-plumbs in the core of building B 
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Figure 8.12 Lateral deflections caused by initial column out-of-plumbs for 
building A 


Heyl 


It is seen that Eq. (7.18) gives a conservative estimate of 
the more exact expression (7.16). The equivalent slope A,/h given by 
Hd. (i. tO)y 1s S65 2 0.0017 x 0197557367682 =70700032 Rad., compared to 
0.00037 Rad. given by Eq. (7.18) with n = 458. The storey forces used 
in the determination of the sway of building A were obtained by using 
these values and the actual column axial loads in the structure. 

To demonstrate that Eqs. (7.16) and (7.18) are general, the 
study mas tabe extended to structures of different size. Three simple 
structures denoted as E.1l, E.2, and E.3 have been selected and are 
shown in the insets to Figs. 8.13 to 8.15. E.1 and E.2 are 5-storey 
buildings with 20 and 50 columns respectively, while E.3 is a 10- 
storey building containing 50 columns. 

A Monte Carlo simulation has been used to generate random 
out-of—plumbs for the columns of frame E.1. The population generated 
was normally distributed and had a mean of zero and a standard deviation 
of 0.0017 Rad. Every column of the frame has been allocated one of 
these values. A set of storey forces was obtained and was::applied 
to the shear-wall to calculate the lateral deflections. The process 
was repeated 50 times with different values and the results were plotted 
in Fig. 8.13. ~Also plotted is the curve resulting from Eq. (7.16), 
where Ag/b gee Dba 0.0017 x 1173/4500 = 0.00155 Rad. Cin this case, 
the same result is obtained from Eq. (7.18)). It is observed that none 
of the curves exceeds the limit given by Eq. (7.16) oO (7618). 

Similar computations were made for structures E.2 and E.3 
and the results are presented in Figs. 8.14 and 8.15. Uniform slopes 
in the order of 0.001 Rad. were calculated from both Eqs. (7.16) and 


(7.18). The prescribed curves were again not exceeded. It can be 
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Figure 8.14 Lateral deflections caused by initial column out-of-plumbs for building E.2 
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concluded that Eq. (7.18) gives a good upper bound for estimating the 
lateral deflections induced by initial column out-of-plumbs for the 


types of structures studied. 


8.2 Wall Out-of—Plumbs 


The actual cores of buildings A and B are formed of eight 
and nine walls per storey, respectively. However, only the four 
exterior walls will be considered in the following applications, using 
the information given by the measurements. It will be assumed that the 
four walls carry the total axial loads in the actual cores. The 
moments, torques, and lateral deflections calculated in this manner 
will be larger than in the actual cases where the same loads are carried 
by more than four walls. These effects will be discussed in the next 
chapter. 

The wall dimensions used in the computations are given in 
Figs. 6.2 and 6.3. In building A, the core dimensions are 87' x 29' 
up to level 14 and are reduced to 67' x 29' in the upper section. 
In building B, the dimensions are assumed to be 66' x 38' for the 
total height of the building. 

The share of the total axial load carried by the individual 
walls is assumed proportional to the length of the walls. These 
values are listed in Tables 8.5 and 8.7. The axial loads in the upper 
22 storeys of the 27-storey building A are used in the calculations 


since results were obtained for only 22 storeys. 
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8.2.1 Moment in Core 

The moments in the cores of buildings A and B have been 
calculated at each storey from the information given by the measure- 
ments on the walls and have been listed in columns 6 and 7 of Tables 
8.5 and 8.7. The moments prescribed by Eq. (7.25), which considers 
the contribution of the mean, and Eq. (7.26), which neglects it, are 
listed in columns 3 and 4 of Tables 8.6 and 8.8. 

The measured and predicted moments described above are plotted 
injfies. $.logand Ge4/)foradirect comparisones, fice. 8). /eproves sthat 
the apparent conservatiyeness of the proposed equations in Fig. 8.16 
is due to the actual out-of-plumb arrangement in building A, This arrangement 
resulted in the calculation of comparatively small moments in the core. 
Moreover, the contribution of the mean, which accounts for 15 and 25 
percent of the contribution of the standard deviation at the base of 


buildings A and B, is apparently a significant factor. 


Bac ae) s LOLgtenin Core 


The torques at each core level, as predicted by Eqs. (7.30) 
and (7.31), are listed in Tables 8.6 and 8.8 for buildings A and B. 
The torques calculated from the actual measurements are listed in 
Tables 8.5 and 8.7 and are plotted against the proposed design values 
in Figs. 8.18 and 8.19. Since all the measured values lie well within 
the limits prescribed by Eq. (7.31) and since the contribution of the 
mean accounts for less than 6 percent of the contribution of the 
standard deviation in both cases, Eq. (7.31) seems appropriate for use 


in design. 


se 
a a . tafe # 
a a 
77) i. 


eter: 


i i ~aniiedan ads ai ahd 
anata io ‘ haw ? wash 

; etebteseo ivliw  @E, o) 
i te cotsudis ahs 7 
S brn t anmuloo pee ee 
ii tae ee a oan he y 
todd sono eR: EM git .coaiepgnop Gabyab Se? V1.8 Bus ate Jae ak , 
ar.8 .gxT at suoi tops ws twits aout 
| bine A sia inuipe odd iad 
210s 93 nt aa regt ifume ea | ‘ae oh tatu: oJaa ar bolton (| me 
2S how G4 20F silhidde shail fi ob 9 rrr ps ‘odd ale “y 
to send dna omie hekee bys! baat 9 dey wkd pnd set) Yo. soto 
I ae Stow aiigae ke sevice eA if hee . sett | 


a ee " 


evs 60 92 Broslata RORdW » CORA £ 
88; we 


bsitjolq #1b ayvods fieheeiicael i SRC 
“ou 


TAGE STST IH erat -# iT Had tr 


(He) cap Ye Baoebeag os foe obs oe 76 Seupro3 oat * 
A bos A came a0 a pA pata hesell ote ape 
ai Geael ee bane Drobd am besa foaiea, soupy 


eoviny nabesh) hagas 


aivistw = alt oatne ts an 
. 4) Oe ape 


157 


4 
Axial Load 
Kips) 


) 
8 
7 
6 
5 
4 
3} 
2 
ab 


* Wall numbering given in Fig. 6.2. 


TABLE 8.5 FORCES IN CORE OF BUILDING A FROM ACTUAL 


WALL OUT-OF-PLUMBS 


6 
Storey Storey Moment Torque 
No. Height (Ft.-K.) (Ft.-K.) 
12 0 0.0 el 65 33 
ie BS Ae) i) 125 
TZ ay =. A) L955 
2 Sel 5) .O 260RY/ 
Vas ol a Sy 3 2).16 
12 pe. i ey) 39027 
i ad .8 0 455.8 
1? =0 aU ok BPAe es) 
Ww AS ae ae 806.2 
Le 26 .8 .6 895.7 
LZ 3 bas) yo) 984 .9 
eZ ae we 4 TOW ESTAS) 
Te Sif) a8 onl INN es TS 
9 dvs ae: ae 28 125450 
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* with B = 3.5, Ag/h Gre On). rand Oo = 2.8 x OF 


kk with B = 3.5, é/L = 0.5 x 107", and oa eel. Ono 


TABLE 8.6 FORCES IN CORE OF BUILDING A 


FROM STATISTICAL CALCULATIONS 
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i} 8 
Storey Axial Load Torque 
No. (Kips) (Ft.-K.) 


Total Walls #1,2% 


312 100 

33 12 1962 628 
32 12 3208 1027 
31 1 4326 1376 
30 12 5440 1730 
29 12 6560 2086 
28 12 7672 2440 
27 12 8790 2795 
26 12 9896 3147 
25 Ya 11012 3502 
24 ho ae 12114 3852 
7 12 13226 4206 
22 12 14342 4561 
21 12 15456 4915 
20 12 16550 5263 
19 12 17664 5617 
18 12 | 18922 6017 
17 ie | 20186 6419 
16 \. ae | 21446 6820 
15 12 | 22708 7221. 
14 i ee | 23938 7612 
| 13 12 25194 8012 
1 eee 26456 8413 
1] 12 | 27716 8814 
LO ( “Re 28974 9214 
| 9 aes: 30600 9615 
12 31496 10016 

7 Ye 32758 10417 
6 12 34016 10817 
5 24 35548 11304 
4 7 36176 11504 
3 | ie 40886 13002 
2 15 42470 13505 
1 | 15 43978 13985 
hee oe ei ee eet = 


* Wall numbering given in Fig. 6.3. 


TABLE 8.7 FORCES IN CORE OF BUILDING B FROM ACTUAL 


WALL OUT-OF-PLUMBS 
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6 

Moment Torque 

(Ft.-K.) (Ft.-K.) 
24 0.0 a0 .6 1337 
Ww 40.2 ai u) 86.3 
1W 134.4 si) .0 1410 
12 252.3 .8 4 189.3 
1 385.7 agi 2 23850 
1 S006 mS Be) 287.0 
12 TOL, ap ait 33557 
12 882.4 2 ail 384.6 
12 OF 77 aa .6 433.0 
12 1286.5 .6 5 481.8 
12 1508.6 a .8 530.0 
12 1743.1 .6 .6 578.7 
12 1990.1 sib 5 6275 
iW) 2249.2 ae 4 676.2 
1 252001 .0 3 720. 
i 2801.9 2 a) F128 
12 3095.1 9 ‘7 827.9 
2 3403.3 .6 55 883.2 
12 B7 2641 # a2 938.3 
iy 4062.8 A .9 993.5 
12 4412.9 20 ak 1047.3 
12 ATT 52 9 .6 110283 
1 550 21 52 13 115725 
die Ces .6 .0 1217 
12 5936.9 9 5 126757 
12 6348.0 il 3 13272 
1? Shy e a 9 1378.0 
12 7210.8 9 .6 1433.2 
iy 7656.0 0 7: 1488.3 
24 Shige 9 5 155563 
27 9670.1 9 7 1582.8 
16 es Olea 35 .0 1788.9 
15 12154..4 .6 .6 1858.1 
15 12852.8 .6 .8 1924.1 

13567. .6 
= AS etst A/h = 2.8 x 10°", and o = 2.8 x 108 
= 3,5, e/L = 0.5 x 10°", and o, = 4.0 x TOra's 
TABLE 8.8 FORCES IN CORE OF BUILDING B 


FROM STATISTICAL CALCULATIONS 
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Equation (7.30) 
(6 = 3.5, 6/L=0.5X104, 
0, = 4.0 X10~4) 
(Col. 5, Table 8.6) 


Equation (7.31) 


Measured values 4 (Col. 6, Table 8.6) 


e (Col. 8, Table 8.5) 


0 5 10 15 mer 25 


Torque X10° 2(Ft- K) 


Figure 8.18 Torque due to wall out-of-plumbs in the core of building A 
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Equation (7.30) 
(G=-35ra/la— 0510 cc: 

O, = 4.0 X10-4) 
(Col. 5, Table 8.8) 


Equation (7.31) 
(Col. 6, Table 8.8) 


Measured values 
(Col. 8, Table 8.7) 


TorqueX 10-2 (Ft- K) 


Figure 8.19 Torque due to wall out-of-plumbs in the core of building B 
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8.2.3 Lateral Deflections 

Equation (7.37), which gives an equivalent wall out-of- 
plumb for use in an overall stability analysis of a structure, has the 
same form and consequently the same characteristics as Eq. (7.18) 
derived for column out-of-plumbs. Therefore, the results obtained 
in section 8.1.5 can be extended to the present case. 

As applied to the 22-storey building A, the equivalent slope 
of the walls forming the core is A ,/h = 0.00028 + 3.5 x 0.0028/ Vas” = 
0.00156 Rad. and the slope calculated for building B (where n = 136) 


is 0.00133 Rad. 
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CHAPTER IX 


COMPARATIVE STUDY 


Design equations have been derived and their applicability 
has been confirmed in the previous two chapters, but the significance 
of the effects in terms of the overall structural design has not been 
determined. The importance of the out-of-plumb effects in design 
can be evaluated in terms of corresponding wind effects. 

The study in this chapter is limited in scope but gives 
interesting results when applied to core-braced structures. Where 
appropriate, the design recommendations given in section 5.4 are 
compared with the results of the techniques developed in this report. 
A certain consistency is achieved by using the specified loads in the 
calculations. No attempt is made to include the wind effects on the 
column axial loads,which would have resulted in increased axial loads 
on the leeward side and reduced axial loads on the windward side, 


with no net difference in the total gravity load. 


9.1 Horizontal Forces at Connection Point 


Wind pressures of 35.0 psf in the upper sections of 
buildings A and B and 22.0 psf at ground level were obtained from 
the simple procedure prescribed by the National Building Code of 


(60) 


Canada Of these pressures, a proportion 8/13 is applied directly 


to the windward side of the building and a proportion 5/13 acts as a 
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suction on the leeward side. The basic wind pressure with a return 
period of 30 years is 8.5 psf for these buildings. 

The shears caused by wind and transmitted to the core were 
calculated at specific beam-to-column connections in both buildings. 
The values presented in column 4 of Table 9.1 were obtained from the 
windward pressures given above applied to the particular connection 
tributary areas (see Figs. 6.2 and 6.3). The horizontal forces created 
in these connections by the out-of-plumbs of the columns are presented 
in the same table. A sample calculation using Eq. (7.5) is given 
below the table. The out-of-plumb to wind shear ratios given in 
column 6 indicate that, in a tall braced building, the out-of-plumb 
shears generally govern in the design of the connections, while in the 
top storeys they still account for an important fraction of the wind 
shears. 

The out-of-plumb shears become even more critical in a frame 
of the type shown in Fig. 8.1 where the forces are transferred to a 
bracing system in the plane of the frame. The shears due to column 
out~of-plumbs are increased from bent to bent during the transfer but 
the wind forces remain constant. It is understood that other signi- 
ficant forces, such as the P-A forces described in Chapter IV, are 
also present. 

The model shown in Fig. 9.1(a) was used as an example in 
Ref. 23 to estimate the out-of-plumb forces in girder-to-column 
connections. All columns are assumed to be erected with initial out-of- 
plumbs of 0.002 Radiesse? (see section 5.4.2). The constant forces 
of value 1.02 kips created at each connection are added algebraically 


when transferred to the bracing system. 
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Horizontal Shear, Fy (Kips) 


LO 


340K 340K 340K 340K 
Fp = (170 + 340)0.002 = 1.02K 
(a) 


n 
Fa 0.002 5 P. 
j=1 


0 4 8 a AOreeO ee de leo o 4 es 


n No. of Columns, (2 per connection) 


(b) 


Figure 9.1 Distribution of horizontal shear in a braced bent 
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The same frame has been used in the example of Fig. 8.1 for 
an eventual comparison. The horizontal shears from Figs. 8.1 and 9.1(a) 
are plotted in Fig. 9.1(b) as a function of the number of columns (2 per 
connection). The figure shows that the shears predicted by a constant 
column out-of-plumb of 0.002 are unconservative for a small number of 
columns but become excessively large as the number of columns involved 
increases. An arbitrary wind shear, calculated for a pressure of 21.54 
psf and a span perpendicular to the plane of the frame of 30 ft., 
has been plotted on the graph to point out that the wind shear is 
independent of the number of columns in the bent. The relative 
importance of the wind shear with respect to the out-of-plumb shear is 


given by the gravity-to-wind load ratio at the section under study. 


9.2 Shear and Moment in the Plane of the Floor 


The portion of the floor delimited by column lines No. 8 to 15 
in Fig. 6.2 must be designed for shears and moments in the plane of the 
floor. Assuming a wind force in the x direction, the shear transmitted 
to the core at a specific floor level by the portion of the floor 
described above, is roughly equal to the sum of the lateral forces 
concentrated at connections No. 8, 9, 14 and 15. A shear equal to 17.6 
kips is calculated at floor level 1 for a wind pressure of 22 psf and 
a tributary area of 800 ft*. This value is compared in Table 9.2 with 
the shear calculated at the same storey from the 16 out-of-plumb 
columns on lines 8 to 15. The out-of-plumb shear is about twice as 
large as the wind shear at that level. The values obtained at floor 


level 23 show that the wind controls in the upper storeys. 
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Floor Wind Out-of—Plumb Out-of-Plumb Effect 
Level Birect Eisiecits Wind Effect 


Shear 1* 
ibm I ileyere 23%%* 


Moment 1* 
In Floor 


2225 Gb a—-kKs 
205. ft.=k. 


2206 £tyeks ti 
452 ft.-k. 


* Design wind pressure = 22.0 psf 


**k Design wind pressure = 35.0 psf 


16 
Tepe =e) x 7, 0017 eps (Eqre 7 00) 
d a= J 
j=l 
6 72 2 2 
=e : + malt 
fT) M, = 3.5 %e0017 Vv es Pous Ll, (Eq. 7.9) 


TABLE 9.2 COMPARISON OF OUT-OF-PLUMB AND WIND 


EFFECTS IN FLOOR SYSTEMS 
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The moments calculated at the same floor sections, under the 
same conditions, are listed in the second half of the table. The out- 
of-plumb moments obtained from Eq. (7.9) far exceed the wind moments at 


every storey of building A. 


9.3 Shear, Moment, and Torque in Core 


The simplified method of Ref. 60 was used to calculate the 
moments and shears caused by a basic wind pressure of 8.5 psf at each 
storey of buildings A and B. The results are presented in Tables 9.3 
to 9.5. The tabulated values have been calculated for a wind applied 
perpendicular to the short face of the buildings. The wind loads (wind- 
ward and leeward components combined) and resulting shears and moments 
in the orthogonal direction can be obtained by factoring the tabulated 
values by the appropriate building length-to-width ratio given below 
the tables. 

A comparison of the shears given in column 4 of Tables 9.3 
and 9.5 with those given in column 5 of Tables 8.2 and 8.4 reveals 
that the column out-of-plumbs create shears in the cores of buildings 
A and B which do not exceed 4.5 and 3.3 percent of the wind shears 
(depending on the direction of the wind). 

The out-of-plumb moments given in column 6 of Table 8.2 
are compared in Fig. 9.2 with the corresponding wind moments for 
building A. Although still small, the fraction of moment due to 
column out-of-plumbs is relatively larger in the upper section of the 
structure than at the base. This is in part due to the gravity-to- 


wind load ratio but is largely a reflection of the fact that wind 
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Wind Load Moment 
(Short Span) 
(kips) i (Ft.=K.) 
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Wind pressure, q (3p) =00 ..) DSi. 


Building dimensions: Long span, 147' Ratio = 1.485 
Short span, 99' 


TABLE 9.3 SHEAR AND MOMENT DUE TO WIND IN 


CORE OF (27-STOREY) BUILDING A 
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it 2 3 4 5 


Wind Load Shear Moment 
(Short Span) 
(kips) (kips) (Ft.-K.) 
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SLOT 2 
5S7/D9 
66024 
73636 
81594 
90184 
98773 
113739 


OWWWoOUONOEFErFRErFaAWWOAAOoOFF HH LEN 
eS “a J8> sie je, “Oo. Oe. 6, | ‘SSL OUR Le Se ee ee. Gr Se” SS ee Vee. eS 
Oomonm&® Pwo kh ON ROS u so Be ~ Oo ue =i 


PNwWHEUDN™N WOW 


Wind pressure, q (=) Et otis elcpe 


Building Dimensions: 


- Long span, 147' Ratio = 1.485 
- Short span, 99' 


TABLE 9.4 SHEAR AND MOMENT DUE TO WIND IN CORE 


OF (22-STOREY) BUILDING A 
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Wind pressure, a a8 v5 psf. 
Building Dimensions : Long SPatiah Loa Ratio = 1.333 
Short Span, 114' 
TABLE 9.5 SHEAR AND MOMENT DUE TO WIND IN 


CORE OF BUILDING B 
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Root ba acting on long face 


20° 

| - Short face 
20 | 
1S 

Storey 
The compared values are given in 
column 6, table 8.2 and column 5, 
10 | table 9.3. 
| 
6) ] 2 3 | 4 
Out-of-Plumb 
Se) (%) 
Wind 


Figure 9.2 Comparision of moments caused by column out-of-plumbs and 
moments due to wind in building A 
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moments are added algebraically from storey to storey while out-of- 
plumb moments are combined statistically according to Eq. (7.13). 

A similar comparison is presented in Fig. 9.3 for the moments 
caused by the wall out-of-plumbs of building A. The figure indicates 
that the out-of-plumb moments can be proportionally quite large in 
the upper storeys of a tall building. Fortunately, these results are 
not significant. A core is designed for the forces at its base and 
in general for the forces at one or two other locations along the 
core. Therefore, the forces present in the upper section of the core 
are resisted by a stiffer and stronger core than required. 

The actual buildings, A and B, had cores formed of eight and 
nine orthogonal walls respectively. The moments, torques, and lateral 
deflections calculated for only four walls are consequently larger 
than in the real case. Assuming that the actual eight walls of building 
A carry an equal share of the total vertical load, it can be shown 
that the moments predicted by Eq. (7.26) are reduced by 55 percent. 
Thus, in the case of the wind acting on the short face of the building 
as shown in Fig. 9.3, the moment is reduced from 39 to about 19 
percent at the top of the building and from 6.5 to about 3.5 percent 
at the base. 

The results presented in Fig. 9.4 show that the moments in 
the core due to column and wall out-of-plumbs are negligible in the 
case of building B. A reduction of 55 percent also exists when the 
calculations are based on the actual nine walls. 

There are no recommendations related to wind in the Canadian 
(60) 


National Building Code which allow a calibration of the torques 
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Wind acting on long face 


Roof 
20 
\ Short face 
UES 
Storey 
10 
The compared values are given 
in column 3, table 8.6 and column 5, 
table 9.4. 
et 
0 10 20 30 40 
Out-of-Plumb 
eee eG (%) 
Wind 


Figure 9.3. Comparison of moments caused by wall out-of-plumbs and moments 
due to wind in building A 
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Figure 9.4 Comparision of moments caused by column and wall out-of-plumbs 
and moments due to wind in building B 
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given in column 7 of Tables 8.2 and 8.4 and in columns 5 and 6 of 
Tables 8.6 and 8.8. However, the simple static analysis described 

in the commentary on the effects of earthquakes in Supplement No. 4 
to the National Building Code of Canada can be used to calibrate the 
out-of—-plumb torques. ‘The total lateral forces for an earthquake 
occurring in a seismic zone 2 are calculated as 1032 kips and 1560 
kips, respectively, for buildings A and B. The estimated total weights 
of both buildings are approximately 61450 and 100000 kips. The 
calculated lateral forces acting through the design eccentricity 


(60) 


recommended by the code produce torsional moments in the order 
of 7585 and 28236 ft.-k.,respectively,at the base of the buildings. 

The code recommends a design eccentricity equal to 1.5 
times the distance between the calculated center of mass and the center 
of resistance of the structure, plus an accidental eccentricity equal 
to 0.05 times the plan dimension in the direction of the computed 
eccentricity. By reason of its symmetry, building A has an accidental 
eccentricity equal to 7.35 ft. The calculated eccentricity for building 
B is 7.0 ft. and the accidental eccentricity is equal to 7.6 ft. 

The torques created by the out-of-plumbs in these buildings 
account for 33 and 38 percent of the accidental torque in the case of 
the columns and 27 and 17 percent,respectively,in the case of the 
walls. When the calculated eccentricity is also accounted for in 
building B, the proportions are reduced to 16 percent for the columns 
and 7 percent for the walls. The proportions related to the walls 
in both buildings are further reduced by a factor of 2.5 of the 
calculations based on the actual number of walls forming the cores. 


The out-of-plumbs could therefore induce torsional effects that are 


not necessarily negligible. 
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9.4 Lateral Deflections 


It has been shown in sections 5.1 and 5.4 that the most 
common technique in an overall stability analysis for initial out-of- 
plumbs consists in assuming that columns and walls all lean in the 
same direction, as in Fig. 5.1(a). The standards described in section 
5.4,which refer to that model,were applied to building A and compared 
withmthe restits of Eq. (7.16) and (7.18) in Fig. 9.5. It was shown 
in section 8.1.5 that curves 1 and 2 in Fig. 9.5 were upper bounds 
on the actual lateral deflections for this structure. In fact, the 
actual deflection curves obtained from the measured column out-of- 
plumbs in the x and y directions were shown in Fig. 8.12 to be well 
within these limits. By superimposing Fig. 8.12 on Fig. 9.5, the 
conservative nature of the various code recommendations is evident. 


C47) which is a function 


The West German expression (No. 5) 
of the building height, gives the closest estimate. The lateral 
deflections given by curves 4 and 6 are about 13 times larger than the 
limit given by Eq. (7.18) at the top of the building. Curve No. 6, 
suggested by the Swedish Concrete Regulations (37-1968) ‘© | has been 
obtained for 6 columns with a slope of 0.007 Rad. and 10 columns with 
a slope of 0.0035 Rad., resulting in a slope of 0.0048 Rad. at each 
storey. 

By extending the study, it can be petertai nad whether some 
of these recommendations still have the same relationship when applied 
to structures of different heights. Figs. 9.6 and 9.7 present curves 


obtained for a 10-storey building (E.3) and a 5-storey building (E.1) 


respectively. It is observed that the different code requirements are 
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@) Ag/h = Bo, ae P/E, Pree Sones (Eq. 7.16) 
@) Ag/h = Bo, / on iat. (Eq. 7.18) 
@) Ag/h=0.002 [ CSA-S16.1] __, (Section 5.4.2) 
soot Ose ® ® 
25 
20 


Floor Level 
on 


() Ag/h = 0.005 ...... [ECCS] (Section 5.4.1) 


G) Ag/h = 1/55 yh, (in feet) 


[DIN 1045, reinf. conc.] (Section 5.4.4) 


(6) Aj/h = 0.007 and 0.0035 


[B7-1968] ..... (Section 5.4.6) 


@ Eq. 5.8 [ SNB - $25:21] 
[precast reinf. conc.] (Section 5.4.6) 
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Lateral Deflection 


Figure 9.5 Comparison of lateral deflections derived from different code 
specifications for building A 
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Figure 9.6 Comparison of lateral deflections derived from different code 


specifications for building E.3 


(Eq. 7.16) 


(Eq. 7.18) 


(Section 5.4.2) 


_ (Section 5.4.1) 


(Section 5.4.4) 
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n n 
Aylh= Bo, |S 7/3, Me ee tetas (Eq. 7.16) 
22 
Aah Bo | Vest eee 2. ae REEL (Eq. 7.18) 
Do UO mgs LES eSiidiy Loewe (Section 5.4.2) 
Ane 10 165)5) a [ECCS toe aaa ear ae (Section 5.4.1) 
Aq/h = 1/55 ¥ h, (in feet) [DIN 1045, reinf. concrete] (Section 5.4.4) 
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Figure 9.7 Comparison of lateral deflections derived from different code 


specifications for building E.1 
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more appropriate to low structures in the sense that the disparities 
between their predictions and the results of Eq. (7.18) are significantly 


(47) 


reduced. The West German recommendation in general estimates the 


(41) saul. 


deflections reasonably well while the European recommendation 
remains excessively conservative. Any comparison between the different 
code recommendations, however, must be carefully interpreted for the 
reasons given in section 5.1. 

For the buildings under study, the deflections predicted by 
Eqs. (7.18) and (7.37) account for a small percentage of the deflections 
due to wind, as shown in Table 9.6. The column out-of-plumbs have 
apparently no significant effect on the overall stability of the 
structures. The sway induced by the wall out-of-plumbs accounts for 
less than 5 percent of the sway due to wind when the actual number of 
walls is used in the calculations. Although the lateral deflections 
are small for these buildings of 20 storeys and over, it cannot immedi- 
ately be concluded that the overall stability of other buildings is not 
affected by out-of-plumbs. The gravity-to-wind load ratio of a building, 
the type of building, and the number of columns and/or walls present 
in the building are all significant factors to be taken into account. 

An example is given in Fig. 9.8 where a one-storey braced 
structure is analyzed for two different combinations of columns and 
walls. Eqs. (7.16) and (7.36) are used to calculate the horizontal 
forces due to out-of-plumbs for the given axial loads. The forces H. 
and He obtained for column and wall out-of-plumbs, respectively, are 
combined according to Eq. (7.38). Since the deflections are directly 
related to the applied lateral loads in this case, the ratios given in 


Fig. 9.8 are a measure of the sway induced by out-of-plumbs to the sway 
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Column Out-of-—Plumbs: 


Building 


No. of Columns Aa/h* Out-of-Plumb x 100 
n (x 10* Rad.) Wind 
(2) 


Se Seb ec 0017) ert’ a (Eq. 7.18) 


Wall Out-of-Plumbs: 


Building No. of Walls Ag/h** | Out-of-—Plumb x 100 
n (Gal0e Rade) Wind 
(4) 


(4 walls/storey) 


88 16 6.0 
2 (8 walls/storey) 
17.6 1.20 4.6 
walls/storey) 
136 ah ee PS 35D 
. walls/storey) 
306 Bet OAO) 2A 
#* A /h = 0.00028 + 3.5 x .0028/7°Yn- (Eq peor 


TABLE. 9.6 LATERAL DEFLECTIONS CAUSED BY OUT-OF-PLUMBS 


AS A PERCENTAGE OF DEFLECTIONS DUE TO WIND 
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P= 80k 


=P 


r= 16K 


P/H = 4.44 


1 Column: 
PAG \/ 802 
Hea = 801 3.5X0.0017 = 0.48k 
h 80 
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0 V 80 
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Figure 9.8 Example—proportion of sway 
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caused by the lateral loads. The 5.2 percent out-of~plumb sway obtained 


for the one-column, one-wall structure is reduced to 3.5 percent for 


the four-column, two-wall structure carrying the same total load. 
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CHAPTER X 


DISCUSSION 


The previous chapters have been devoted to the presentation 
and discussion of aspects of structural stability related to P-A and 
out-of-plumb effects. The general discussion presented in this chapter 
should establish a logical link between these different sections and 


emphasize the major characteristics of the study. 


10.1 P-A Effects 


The P-A effects were briefly discussed in the first sections 
of the thesis with emphasis placed on the creation and transfer of 
additional horizontal forces in structures. Practical techniques for 
including second order effects in analysis were presented. It was 
demonstrated that when an approximate second order analysis is 
performed, the horizontal forces in the structure are not distributed 
in a proper manner. Generally, the errors in these forces do not 
affect the design of structural members but do affect the design of 
connections and floor diaphragms when the second order effects are 
important. Such a situation may occur in a pin-connected frame which 
relies on a separate lateral support system for stability. The transfer 
of horizontal forces in this type of structure is more critical than 
in other types of structures. 

As a general rule, the correct horizontal force distribution 


should be evaluated at specific storeys in any type of structure when 
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the storey shears given in Fig. 3.3 are significant compared to the 
applied wind forces. A redistribution of the forces based on the free- 
body diagram method described in section 4.3 is then recommended, 

since the concept of the free-body diagram is familiar to most designers. 
When the sway forces are not significant, the horizontal forces given 

by a first order analysis can be used in the design of the connections 


and floor systems. 


10.2 Out-of-—Plumb Effects 


The study of the effects of out-of-plumbs on the stability 
of structures was primarily based on core-braced buildings in which a 
pin-connected steel frame is supported by a central reinforced concrete 
core. Although the transfer of the horizontal forces is more critical 
in this type of structure, the results obtained on core-braced buildings 
can be extrapolated to other types of structures including moment 
resisting frames. The sway of a continuous structure creates extra 
moments in the members and the additional forces produced are reduced 
to a minimum. The out-of-plumb effects in moment resisting frames are 
not investigated as such in this thesis. 

Statistical methods are essential to describe the nature of 
the out-of-plumb forces. A certain probability of occurrence can then 
be associated with the selected factor of safety. A safety index of 3.5, 
corresponding to a probability of failure of 4.6 x 107*, has been 
adopted, based on discussions presented in section 7.1 and in Appendices 
B and C. The adequacy of the selected safety index and the applicability 


of the equations derived in Chapter VII have been confirmed in Chapter 
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The out-of-plumb measurements taken as a part of this research project 
and presented in Chapter VI compare quite well with the published 
measurements listed in section 6.1. The statistical populations obtained 
are normally distributed, resulting in greatly simplified calculations. 
The calculated means are generally small enough to be neglected when 
the sample dimensions are sufficiently large to present a realistic 
estimate of the distribution characteristics. Unfortunately, the 
standard deviations obtained in this thesis are specific to the 
building measured. They are apparently typical for steel columns and 
cast-in situ reinforced concrete walls,as observed by comparing 

the results of the three different buildings A, B, and C. The standard 
deviation for the reinforced concrete walls is almost double 

that measured for the steel columns, as shown in Table 7.4. 

Data from other structures are required to estimate the 

effects on the standard deviation of variables like: 
- the structural material, 
- the type of structure, 
- the erection and plumbing techniques, 
- the skill and experience of the constructor. 

The population mean may also be large in some cases and the 
possibility of systematic variations due to erection techniques or 
errors caused by the use of a faulty instrument, for instance, should 
be evaluated. While the mean of the column population is almost 


zero, the corresponding value for the walls is not negligible. 


10.2.1 Connection and Floor Design in Braced Buildings 


It was demonstrated in sections 9.1 and 9.2 that the action 


of column out-of-plumbs in a core-braced building generally controls 
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the design of beam-to-column connections and of floor diaphragms for 
horizontal shears and moments. The forces and moments given by Eqs. 
(7.7) and (7.9) should be computed for the loading cases of Ref. 36, 
using the appropriate load combination factors. In tall buildings with 
uniformly varying gravity loads, the shears and moments can be 
calculated at specific levels and the remaining values obtained by 
interpolation. 

The model shown in Fig. 5.1(b) was incorrect for the assess- 
ment of forces in the plane of the floors. With a suitable uniform 
slope equal to Bos as given by Eq. (7.2), the model would produce 
an upper bound on the forces, which would be equivalent to totally 
neglecting the random nature of column out-of-plumbs (See Appendix C). 
The application shown in Fig. 9.1(b) provides a graphical representa- 
tion of the problem. The straight line is the result of the algebraic 
summation of the individual column forces suggested by the model of 
Fig. 5.1(b). The curve, obtained from a statistical summation, 
represents more exactly the actual forces in the structure. In this 
particular example, since A,/h = 0.002 is lower than Bo. = 0.006, 
the actual forces are underestimated by the simple model for 
frames having fewer than 10 columns. Beyond this limit, a significant 
reduction takes place. 

Each beam-to-column connection in a moment resisting frame 
can be conservatively designed for an extra horizontal force equal to 
0.85 percent of the largest axial load in the two columns above and 
below the floor (see Eq. 7.5). This assumes that no significant 
transfer of force exists in the structure and that a minimum bracing 


force is required to stabilize the columns. A slight reduction of 
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this value might be expected in future from an appropriate study on 
the effects of column out-of-plumbs in continuous frames. 

The basic equation used in Russia for the calculation of 
out-of-plumb horizontal forces follows the pattern observed in the 


present atid 


Eq. (5.4) should be compared to Eq. (7.18), consider- 
ing that Ey is equal to three times the standard deviation obtained 
from measurements taken on concrete structures. The design value 
a = 0.012, defined as the total change in slope between two columns 
(at their intersection), is twice as large as Bo. = 0.006 for one 
column in this thesis and has been described as too large in Ref. 48. 
The need for a eer iepiic ide index, which has been 
observed in the study presented in Fig. 5.4, is most likely to compen- 
sate for the neglect of the variable axial loads Py combined as in 
Eq. (7.16) or (7.7). It has been shown in Appendix D that an expression 
of the form of Eq. (7.18) underestimates the "exact" force given by 
Eq. (7.16) for a small number of columns. The Russians observed 
this trend in their study and compensated by imposing a larger factor 
of safety. 
The Swedish Building Rostarions ae described in section 
5.4.6 also present the results of a comprehensive statistical approach. 
The regulations are, in some respects, in good agreement with the 
findings of this thesis. However, the force inaconnection, given by 
Eq. (5.0). tewequeweto about 3.5 percent ob the average axial load 


in the load bearing elements; which is large when compared to the 0.84 


percent found in this study. 
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10.2.2 Core Design 

Shears and moments in a core from both column and wall out- 
of-plumbs can be neglected, according to the calculations presented in 
Chapter IX. However, as shown in section 9.3, the torques account 
for a significant percentage of the minimum torsional moments prescribed 
by the Canadian National Building ood, The empirical minimum 
eccentricity prescribed by the code has been intended to account for 
possible additional torsion arising from various sources listed in 
Supplement No. 4 to the Canadian National Building Code. It is not 
mentioned, however, that the minimum eccentricity is also intended to 
account for the possibility of a torque caused by out-of-plumbs but 
there is no apparent reason why it should not. 

In view of the significance of the out-of-plumb torques it 
might be more reasonable to include the torsional moments given by 
Eqs. (7.15) and (7.31) specifically. In a three-dimensional analysis 
of a structure under earthquake loading, the out-of-plumb torques 
would be added to the prescribed calculated and accidental torsional 
tioments. In an analysis for wind loads, the out-of-plumb torques 
would be considered alone since, in this case, there is no provision 
for a minimum eccentricity of load application. In mixed construction 
(core-braced building), the torques would be evaluated at specific 
storeys for the factored axial loads and combined according to the 
expression Vv Te a ii to account for their random nature. 

It is common practice, however, to neglect the three-dimensional 
effects in most buildings, based on a recognition of the fact that the 


torques are comparatively small and that a structure is generally much 


stiffer and stronger in torsion than necessary. 


nl beaomiere os 
‘noone esouaes wife 40.8 ial 
nadia eaedtend Tegnteto2 We 
combi, Kaotvtqms oa? 
1c) squosot 4) Babemctick Bias : 
ar hetekJ sentins wormed ahs nolerod aie 
yg eh 4t (.obeD eabhdiuy Taney se netbensd edi oe 08 sosmotadie | 
a bghasiint vale ek vetat jagaa aabar oe Jad" tevsivbd. | boastddow ‘ 
hid adonelqetorhio yd beause a ‘No ystlidisang ed xol 3ayon36) ai, 

son Riddde at yt nonnet ‘earanegin Gn AE r | 

+h aaptetos’ dinilg~to-duo ‘of 2 sonst lingte adi do wsiv al 7 oth a 
vd nevin eiandom binctates ody ‘obutiet “ oo gidsooands 200 od saat ; ; 
arayfams Inapianemtbesatt & af) Apbiaotztoece. LEA) iia 4.8) 0B v9 
agupro? diubiegtte nied ons “pibbtucot edeupdorns ide Sahara Yo a 
indoretos inaiibkoos bins bere lietns fedrzoesig ott od bebbs sd fa, 
racpios éaptyorane uid ,heol bate 703 eteyinas as al a : 3 
cotaiwortg cat Mini eae Liman i ft 

nultuvztenes boxkant mot aasdlqgs Sant tho ‘Ydtolionesss cnuelete a. 

sae ta btn a ann oso Kanata chau 


ed 0? ankbs 


ay 
7 
a 
a 
— 


sii? set oe 
ay eae 
ol he aay 


195 


10.2.3 Overall Stability 

When the overall stability of a structure under combined 
lateral and gravity loads is to be assessed, the extra lateral deflec- 
tions caused by column and wall out-of-plumbs can be disregarded. 

The deflections caused by the out-of-plumbs account for a very small 
percentage of the deflections due to wind, as demonstrated in section 
9.4 (Table 9.6). 

The uniform slopes given by Eqs. (7.18) and (7.37) are 
suitable for the assessment of the overall stability of a structure 
when the loading case considered is associated with the vertical loads 
acting alone. The presence of initial imperfections in a structure 
gives rise to an initial sway of the structure. Lateral forces are 
computed and applied to the structure to produce additional deflections 
and corresponding P-A shears and forces. The concept has been developed 
in Ref. 23 and has been adapted for the Canadian Standards ay te 
for a constant slope of 0.002. A discussion of the standard is given 
tm, sections 5.45.2, 

In a core-braced building or  . an equivalent composite 
structure, the forces obtained from Eqs. (7.18) and (7.37) should be 
combined together according to the expression Vv He ne he to account for 
their random nature. As before, the forces can be evaluated at 
specific floors and the intermediate values obtained by interpolation. 
The factored axial loads from the gravity load case are used in the 
Sreatiodas oe 
The fictitious horizontal load principle discussed in section 


3.2 and applied to a cantilevered member in section 7.2.3 can be used 


to justify the application of Eq. (7.18) to moment resisting frames. 
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The extra moments created in the structure in this manner resist the 
sway induced by column out-of-plumbs. 

Taking for granted that Eqs. (7.16) and (7.18) provide an 
upper bound on the lateral deflections, the different code recommenda- 
tions described in section 5.4 were shown to be conservative in Figs. 
9.5 to 9.7. The study demonstrated that a fixed slope,such as 0.002 
or 0.005,is not an appropriate model for general application. The 
West German expression given by equation No. 5 in Fig. 95 provided a 
close estimate in every case. The variable hy suggested by the Germans 
is in some ways equivalent to the variable n in Eq. (7.18). 

The prescription of the Swedish Building Code for reinforced 
eoncrats Eq. (5.8), conforms in principle to the views of the 
present study. However, the expression assumes that 20 percent of the 
maximum inclination obtained from field measurements is a systematic 
variation and 80 percent is random. The maximum inclination of 0.015 
used in the equation seems slightly high, as demonstrated in Fig. 9.5. 
The reduction factor Y, which accounts for the tolerance requirements 
and the degree of control, has no real significance, in view of the 
discussion presented in section 5.3. 

The entire provision for out-of-plumbs summarized in Fig. 
5.5 is, in general, acceptable. The Pepys sigtate statement is that 


the three types of forces given by Eqs. (5.6) to (5.8) cannot be 


combined. 


10.3 Concluding Remarks 


The stability of a structure cannot be properly ensured 


unless all the major destabilizing forces in the structure are properly 
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resisted. For this reason, P-A as well as out-of-plumb forces should 
be given consideration in design. 

The statistical method presented herein for steel frames and 
cast-in situ reinforced concrete walls can also be applied to cast-in 
situ or precast concrete frames,as long as the characteristics of 
the respective member out-of-plumb populations are known or estimated. 
A similar type of approach can be adopted for the evaluation of forces 
in the bracing members which provide lateral support to the compression 
flange of initially crooked beams and girders. An assembly of bracing 
members and beams in a horizontal plane can be treated as an assembly 
of beams and out-of-plumb columns in the vertical. The required 
statistical characteristics would be obtained from a survey of beam 


deviations in buildings under construction. 
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CHAPTER XI 


SUMMARY AND CONCLUSIONS 


ee Summary 


Different forces which are likely to affect the strength and 
stability of buildings and their components were investigated in this 
thesis. The forces were classified in three categories: the first 
order forces, the P-A forces, and the forces due to initial out-of- 
plumbs. 

The P-A forces were discussed briefly and approximate methods 
for their determination were presented. 

The thesis essentially concentrated on the investigation 
of out-of-plumb effects and the development of suitable design 
procedures. Statistical methods provided an appropriate means of 
defining the problems of stability and strength related to structural 


out-of-plumbs. 
Measurements were made on steel columns and concrete walls 


in two tall core-braced buildings and one large industrial building under 


construction to determine actual characteristics of out-of-plumbs for 


use in the statistical calculations. 


Equations were derived for the design of connections, floor 
diaphragms, and vertical bracing systems affected by the out-of-plumb 


forces and methods were suggested for the evaluation of the building 


sway movements. 


Comparisons with corresponding first order effects have 


demonstrated that while some out-of-plumb effects are negligible, 
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others may be very significant. Moreover, when compared to the results 
based on present standards, the effects were generally found to be either 
under-or overestimated. 

The investigation resulted ultimately in the creation of 
more rational clauses for design standards which are related to the 
stability of structures and individual members. The proposed clauses 


are listed in the following section. 


M12.) CONC Lusi ons 


The investigation is concluded by presenting the results of 
the research in the form of proposed clauses for design standards. The 
actual sections of the Canadian Standard $16.1 "Steel Structures for 


Buildings - Limit States Desien' 72 


which relate to the overall stability 
of structures and of individual members are rewritten in view of the 
present findings. Some recommendations which relate to concrete structures 
are presented separately for consideration for the appropriate concrete 
standards. 


The section numbering adopted below corresponds to that of 


the Canadian Standard but the nomenclature used is that of this thesis. 


12.2.1 Proposed Clauses for CSA-516.1 
"Steel Structures for Buildings" 


8.6 Stabiitty Eiftects 


8.6.1 The analyses referred to in Clauses 8.4 and 8.5 shall 


include the sway effects produced by the vertical loads acting on 
the structure in its displaced configuration, unless the 
structure is designed in accordance with the provisions of 


Clause 8.6.3. 
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For certain types of structures where the vertical loads 
are small, where the structure is relatively stiff and where 
the lateral load resisting elements are well distributed, the 
sway effects may not have a significant influence on the design 


of the structure (See clause 9.3.2(b)). 


8.6.2 For structures in which the sway effects have been 
included in the analysis to determine the design moments and 
forces (see Appendix J), the effective length factors for 
members shall be based on the sidesway prevented condition 
(See clause 9.3.2(a))- 

(a) Where a loading combination produces significant relative 
lateral displacements of the column ends, the sway 
effects shall include the effect of the vertical loads 
acting on the displaced structure but need not include the  : 
sway effects produced by initial column out-of-plumbs. 

(b) However, in a steel frame the sway effects shall not be less 
than those produced by the vertical loads acting on the 
structure assumed displaced an amount equal to 0.006/7*7n , 
where n is the total number of columns in the structure 
(see section J-3 of Appendix J). 

(c) In mixed construction, composed of steel columns and cast- 
in situ reinforced concrete walls arranged orthogonally, the 
sway effects shall not be less than those produced by the 
vertical loads acting on 
(i) the columns assumed out-of~plumb by the amount given in 


clause 8.6.2(b) and 
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(ii) the walls assumed out-of-plumb by an amount equal to 
0.0003 + 0.01/7°Yn, where n is the total number of one- 
storey walls in the structure. 

The storey forces obtained in this manner shall be combined 

according to Vee eer Bese applied to the structure as in 

Append’ ee in Chis a4 rebares HA and H are the forces 


obtained from the column and wall out-of-plumbs respectively. 


8.6.3 For structures in which the sway effects have not been 
included in the analysis, the use of effective length factors 
greater than 1.0 (sidesway permitted case) for the design 

of columns, provides an approximate method of accounting for 
the sway effects in moment resisting frames (see clause 9.3.3). 
This provision shall not be used for structures analyzed in 


accordance with Clause 8.5; 


19. Stability of Structures and Individual Members 


19.1 General 

19.1.1 In the design of a steel structure, care shall be taken 
to ensure that the structural system is adequate to resist the 
forces caused by the factored loads and to ensure that a complete 
structural system is provided to transfer the factored loads to 
the foundations, particularly when there is a dependence on 
walls, floors, and roofs acting as shear resisting elements or 


diaphragms. (See also Clause 8.6). 


19.1.2 Design drawings shall indicate all load resisting elements 
essential to the integrity of the completed structure and shall 


show details necessary to ensure the effectiveness of the load 
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resisting system. Design drawings shall also indicate the 


requirements for roofs and floors used as diaphragms. 


19.1.3 Erection drawings shall indicate all load resisting 
elements essential to the integrity of the completed structure. 
Permanent and temporary load resisting elements essential to 
the integrity of the partially completed structure shall be 


clearly specified on the erection drawings. 


19.1.4 Where the portion of the structure under consideration 
does not provide adequate resistance to applied lateral forces 


and other destabilizing forces, provision shall be made for 


transferring the forces to adjacent lateral load-resisting elements. 


(a) Beam-to-column connections and floor diaphragms shall be 
designed to resist horizontal forces due to column out-of- 


plumbs given by 


n 
EF. = 0,006 7 Pi 


d veil 
where n = number of participating columns above and below 
floor level. 
P,= factored axial loads in the individual columns. 
(b) Individual sections of floor diaphragms shall also be 
designed for in-plane moments given by 
aT 
M, = 0.006 a eee Lo, 


where n and P are defined as in clause 19.1.4(a) and Le 


and L_ are lever arms, taken in two orthogonal directions, 
”, 


from the column to the point at which the moment is calculated. 
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19.1.5 The structure shall be analysed to ensure that adequate 
resistance to torsional deformations has been provided. As a 
minimum, the bracing system in a structure shall be capable of 
resisting a torsional moment, Tas at each storey, given by the 
expression of Clause 19.1.4(b), with the summation applied to 

the total number of columns in the storey. The torsional moment 

is calculated with respect to the center of resistance of the 

structure and shall account for the effects of the gravity loads 
acting on the out-of-plumbs of the columns. 

(a) A steel structure shall be designed for the above torsional 
moment. 

(b) Mixed construction, composed of steel columns and cast-in situ 
reinforced concrete walls arranged orthogonally shall be 
able to resist a torsional moment at a specific storey given 
by: 

(i) the expression defined in Clause 19.1.5(a) as applied 
to the columns and, 


(ii) the expression below as applied to the walls: 


n 
0.0015 ¥ + (PL)*, 


T = 
Ww jai 

where n = total number of walls in the storey 
P = factored axial load in each individual wall 
L = length of the wall. 


The torques obtained in (b) shall be combined according to 


vy 4 +872) “at each storey. 
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de 3 Stability of Columns 


19.2.1 Beam-to-column connections shall have adequate strength 

to transfer the applied forces, the sway forces (see Appendix J), 

plus the forces calculated as follows: 

(a) Ina simple braced frame, the forces described in Clause 
AOS Lea Care 

(b) In a continuous frame, 0.85 percent of the largest factored 
axial load in the two columns above and below the floor at 
a specific connection. 

These forces shall be computed for the loading cases of Clause 


7.2.4 using the appropriate load combination factors. 


APPENDIX J - Guide To Calculation Of Stability Hitects 


J. Thissguide provides, one approach to the calculation of the 

additional bending moments and forces generated by the vertical 

loads acting through the deflected shape of the structure. 

By this approach, the above moments and forces are incorporated 

into the results of the analysis of the structure. However, due 

to the approximate nature of the method, the horizontal forces 

to be used in the design of floor diaphragms and beam-to-column 

connections are inexact but can be easily corrected when required. 
Alternatively, a second order analysis, which formulates 

equilibrium on the deformed structure, may be used to include the 


stability effects. 


J.2 Combined Loading Case 


Step 1 - Apply the factored load combination to the structure 


(Glatse 7.2.2). 
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Step 2 - Compute the lateral deflections at each floor level 
(A.) by first order elastic analysis. 
Step 3 - Compute the artificial storey shears ve due to the sway 


forces: 


(| eke epee 
We es CAT 


Step 4 - Compute the artificial lateral loads Hi. 


Awe ' _ yt 
pie eee 4 


Step 5 —- Repeat Step 1 applying the artificial lateral loads Hy 
in addition to the factored load combination. 
Step 6 - Repeat Steps 2 through 5 until satisfactory convergence 
is achieved. Lack of convergence within 5 cycles may 
indicate an excessively flexible structure. In no 
case shall the building sway exceed the recommended maximum 
values for deflections given in Appendix I. 
Convergence can be achieved in one cycle by using the expression 
given below instead of the equation given in step 3 in the 


calculation of the artificial storey shears. 


1 
' = 
ei 1 a 
=P (As ewe) uv. 
(ns 
i 
where uv = total first order shear at storey i; the other 


terms are defined in Figure 11.1. 
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where: 


V'. = Artificial shear at storey i due to sway forces, 
xP; = Sum of the column axial loads at storey i, 


h; = Height of storey i, and 


A; + 1,4; = Displacements of levels i + 1 and i respectively 


Figure 11.1 Sway forces due to vertical loads 
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J.3 Vertical Loads Only 

Since vertical loads do not normally produce significant 
sway deflections of the structure, the initial sway forces are 
computed on the basis of the sway displacements in each storey 
produced by initial column out-of-plumbs. 
0.006 h, 


bos ee 
; 2.275 


where, A. net sway displacement at storey i (equivalent to 


pea Bee 
h, = height of storey i 
n = total number of columns in the building. 


Using these deflections, the calculations are started at step 3 of 


the procedure described in J.2. 


J.4 Horizontal Force Distribution 

The procedure described in section J.2 produces horizontal 
forces slightly in error. The correct forces should be evaluated 
at specific storeys when the artificial storey shears, Vi» are 
significant compared to the applied lateral loads at these storeys. 
The individual column shears are calculated from equilibrium of 
each column with the moments, axial loads, and lateral deflections 
obtained from the second order analysis. The correctly distri- 
buted horizontal forces are then determined by equilibrium of 
these shears and applied forces at floor levels. In all other 
cases, the horizontal forces given by a first order analysis 


should be used. 
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Tee Qe Proposed Clauses for Concrete Buildings 


(a) A structure composed exclusively of load bearingcast-in situ 
concrete walls should be designed for an extra sway produced 
by the vertical loads acting on the walls assumed out-of- 
plumb an amount equal to 0.0003 + 0.01/7°n, where n is 
the total number of one-storey walls in the structure. 

(b) A structure composed of load bearing cast-in situ concrete 
walls arranged orthogonally should be able to resist a 
torsional moment at a specific storey given by: 


n 
T= OPO le ay ooo a Lee 
w ii 


dee 


where, n total number of walls in the storey 


no) 
Hl 


factored axial load in each individual wall 


lax 
Ul 


length of the wall 
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APPENDIX A 


PROBABILISTIC AND STATISTICAL CONCEPTS 


The following appendix presents a summary of the probabi- 
listic and statistical concepts introduced in the report. Although 
there are many excellent texts available to fulfill this purpose, it 
is thought that a condensed summary of the essential concepts will 
greatly facilitate comprehension of the material. For more detailed 
discussion with illustrations from civil engineering practice, Refs. 


54 and 55 are recommended. 


A-1 Probability 


If an experiment is conducted N times, and a particular 
attribute A occurs n times, then the limit of n/N as N becomes large 
is defined as the probability of the event A, denoted Pr(A). 

However, a more general definition is needed to cover the 
case in which an estimate of the outcome of an event is principally 
intuitive. In this case: '"The probability Pr(A) is a measure of 
the degree of belief held in a specified proposition AN. This inter- 
pretation of probability is a broader concept and includes the first 


definition. 
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A-2 Probability Rules 


1. If Pr(A) and Pr(A) represent respectively the probabilities 


of the event A occurring and not occurring, then 


Pr(A) = 1 - Pr(A) (A-1) 


2. If A and B are two independent events, then the probability 
that both A and B will happen, known as the "joint probability" 
denoted by "and", is the product of the respective individual 


probabilities - that is, 


Pr(A and B) = Pr(AB) = Pr(A) Pr(B) (A-2) 
3. If A and B are two mutually exclusive events - that is Pr(AB) = 


“that one of these 


0 - then the probability denoted by "or 
two events will take place is given by the sum of their 


individual probabilities: 


Pr(A or B) = Pr(A+B) = Pr(A) + Pr(B) (A-3) 
4. The probability of an event A is a number greater than or equal 


to zero but less than or equal to unity. The probability 


of a certain (absolute) event B is unity. 


(A-4) 
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QO =< ~PrtA) 


(A-5) 
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A-3 Random Variables 


A random variable is a function defined on a sample space. 


For example, in the toss of two dice, the sample space consists of the 
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36 possible pairs of outcomes. The sum or the average or even the 
square of the summed value for each pair of tosses is a random 
variable, because it is a function defined for every point in the 
sample space. 

A sample space involving either a finite number or a count- 
able infinity of elements is said to be "discrete". A discrete 
random variable is one that can take on only a countable number of 
values. A second type of random variable is a "continuous" 
variable. A continuous random variable may take on any value in one 


or more intervals and results from measured, rather than counted data. 


A-4 Probability Function and Cumulative Distribution 


A-4.1 Discrete Random Variable 

In the two dice example, the probability of each value of 
the random variable x representing the sum of the results of the two 
tosses is obtained by adding the probabilities of appropriate points 
in the sample space. Because each of the 36 points is equally likely 
and their total probability must add to 1, each point has associated 
with it a probability of 1/36. |The “propabiidty function’ , P(x), 
obtained is sketched in Fig. A-l(a). 

The function F(x, ) plotted in Fig. A-l(b) gives the probabi- 
lity of obtaining a value smaller than or equal to some value Xs of 
the discrete random variable x and is known as the "cumulative 
distribution function" of that random variable. F(x, ) can be obtained 
by summing the values of the probability function over those points in 
the sample space for which the random variable takes on a value less 
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b) Cumulative distribution function 


Statistical distribution for sum of values in tossing two dice 


Figure A.1 
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The complement of the distribution function gives the probability 


that the random variable exceeds a specified value - that is, 
Fae > x.) = 1- F(x, ) 
Also, 
» P(x.) = J] 
A-4.2 Continuous Random Variable 


The case of a continuous random variable is treated in 
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(A-6) 


(A-7) 


(A-8) 


(A-9) 


(A-10) 


a manner similar to the discrete variable. Here, the distributions 


are represented by smooth continuous curves and the discrete summations 


are replaced by integrations. 


iets F(x,) is the cumulative distribution of a continuous 


random variable x, then 


lim F(x.) = F(-*) = 0O 
Por ee 
i 
lim F(x,) = F(e) = |] 
x > 0 
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For a discrete random variable the probability function P(x,) was 
defined as the probability associated with the value Xi. Such a 
direct definition is clearly no longer meaningful for a continuous 
random variable. Instead, the definition of the cumulative distri- 
bution function is used to define the "probability density function" 
£(x) of a continuous variate x as follows: 

Pr(x, <x <x, + A)) 


d 
eee ee ee (A-12) 
A +0 A ws 


x 


Probability for a continuous random variable may thus be interpreted 
in terms of relative area under the curve defined by the probability 
density function. As an example, different probabilities are 

represented by the shaded areas on Fig. A-2 for a continuous random 


variable x with probability density function f(x). 


A-5 Expected Value or Mean 


The best known measure of central tendency is the “expected 
value", more frequently called the “arithmetic mean", or sometimes 


"the mean". 


When the mathematical form of the distribution is known, 


the expected value is defined as 


E(x) = ie x £(x) dx x = continuous random 
v3 variable 
(A-13) 
E(x) = 2 x. p(x, ) x = discrete random 


i variable 


7 Coy Pa ‘bY 


tok wot x a 
) hae ene 
‘ 4 uae ne 


(84-8) Teer Sx : 


bn2vaqrvadt ed eats Yam a oe apn fyawaisoos © 10% | 
"danse sion alesis. bal lag RPS BR, 
sie naksbntdadarg sees yh aterm mt 6h alee: 
suas auolinten'e 462 SA om darn bubode ol 6 boaaenesae . 
cal ein eee CCRT 

; a's ba) il ae 


at Late ae nat 


bec satgee” ad BE sein 
© sanTstionn 2 aoe baum? 


7 mrerons a pa ieeme 


yap 


f(x) 


f(x) 


Figure A.2 Probability density function, f(x) 
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The mean is more frequently estimated from the values of n observa- 


tions. The "data mean", denoted by x or u, is calculated as 


n 
‘s x 
_ i=l 
x = = (A-14) 
where X55 I= Goce ese is care the values forse cheen datas pol gece 


Other measures of central tendency, such as mode and median are 


described in Refs. 54 and 55. 


A-6 Moments of a Distribution 


In addition to the mean, other characteristics are frequently 
used to describe the distribution spread, symmetry, and peakedness. 
These characteristics may be summarized by the moments of the distri- 
bution. For the purpose of simplicity only the expressions defining 
the moments from data will be presented. 

A distribution is completely specified once all its moments 
are known. However, many distributions can be adequately described by 
the first four moments, and discussion will be limited to these 
moments. 


The first central moment is always zero 

me =<. 0 (A-15) 
and is the difference between the mean and itself. 
A-6.1 Variance and Standard Deviation 


The second moment about the mean is a measure of dispersion. 


: 2 
It is known as the "variance" My 5 var(x) oF OL. 
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1 n 
Fier Cz real (A-16) 


Eq. (A-16) leads to what statisticians call a "biased estimate". 


The corresponding unbiased formula is 
Ss => OO (A-17) 


Eq. (A-17) is generally used instead of (A-16) as an estimate of the 
variance where only a small number of observations is available. 

The square root of the variance is known as the "standard 
deviation" and is denoted by the symbol o, . A non-dimensional character- 
istic called "coefficient of variation" is of special importance and 


is defined as, 


(A-18) 


| |p? 


A-6.2 Skewness 
The third moment about the mean is related to the asymmetry 


or “skewness of audistribution. 
n — 
i %a= xo 

( i ) 


(A-19) 
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The third moment is generally standardized in order to compare 


the symmetry of two distributions where the scales of measurement differ. 
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a = — (A-20) 


A single peaked distribution with 0, < 0 is said to be skewed to the 
tere, “that isseat has alert. "tail" -asishown in Pie. A-3(a).) Ir 
O, > 0, the distribution is skewed to the right. For symmetric 


distribution, 0, = 0. 


A-6.3 Kurtosis 
The fourth moment about the mean is related to the peaked- 


ness, also called "kurtosis" of the distribution, and is defined as 


n — 
DG ea ey 
eh ROM = 
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y x; ae ae x3 per Ree oe 
a i=l a i=l — 2g i=l i=l ~ 
n n n n 
nN 4 
Dy x, 
am i=1 
n 
The quantity 
m 
4 
f--- ed A-22 
Ot, =p ( ) 


is a relative measure of kurtosis. As shown in Fig. A-3(b), Oy, oo) 2 URE} 
for a uniform distribution, 3.0 for a perfectly normal distribution, 


and 9.0 for an exponential distribution. 
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Figure A.3. Moments of a distribution 
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A-7 Covariance and Coefficient of Correlation 


The joint behavior of two random variables x and y is 


usually summarized by the "covariance", 0. ee 
+} 


one = E(xy) - E(x)E(y) (A-23) 


If x and y are independent, 0 | % = 0. 
> 


The standardized measure of the linear relationship between two 


variates is the "coefficient of correlation", p, 


(A-24) 


0 lies between and includes -l1 and 1. If p = 0, the variates are said 
to be uncorrelated. The correlation coefficient only gives a measure 


of the linear relationship between two variables. 


A-8 First Order Probabilistic Approach - 


In a first order probabilistic approach, the first two 
moments are used to characterize a random variable. The mean, 
standard deviation, and correlation coefficient concisely describe 
the best predictions, the uncertainty, and the joint behavior of the 


variables. 
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A-9 Moment Algebra 


Properties of Expectation 
E(c) = e¢e (A-25) 
E(cx) = cx (A-26) 
where c is a deterministic constant. 
Variance yen 1 () (A-27) 


vare(ex) =r Oo (A-28) 


Sum of Random Variables 


Delpeg) =e tay. (A-29) 
then z = x + y (A-30) 

G@> = 0 +0 +20 (A-31) 
“ x aM x,y 


o2 = ot + oF (A-32) 


ELGG 2 = ek (A-33) 
Then 20s =, (A-34) 
0” = -0- +0 —26 (A-35) 
Zz x y X,Y 


c= oa | (A-36) 
Z x 


If x and y are uncorrelated, whether z is the sum or the difference of 


; ‘ 2 
x and y, the variances ote and oy always add to give On 


Product of Random Variables 
Let Z2 = xy (A-37) 


Z22=xy -38 
Then z om 2a ae (A-38) 
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If x and y are uncorrelated 
2 = KY (A-39) 


o2 = x’or fe 0) + of0 (A-40) 


2 
Zz x y 
which is simplified to 
ee 2 2 O09 
‘- Vo db a + ee (A-41) 


A-10 Normal Distribution 


The "normal (or Gaussian) distribution" is the most widely 
used model in applied probability theory. Its probability density 


function as shown in Fig. A-4(a) is, 


zZ 
f(x) = —S exp[-2=,4 3 (A-42) 
20 


-s»< x < Mm, -w< <M, G6 > 0 


The mean, U, and the variance, omen of the normal distribution are 
estimated by Eqs. (A-14) and (A-16) respectively. The cumulative normal 


distribution is 


. -(z - yu)? 
F(x) = J exp (-—->—-—J.-dz (A-43) 
-0o go V27 20° 


This expression gives the probability of a randomly selected value 
from a normal distribution. Most text-books provide a table of the 
cumulative distribution function of a "standardized" normal random 


variable, y, which is defined as, 


y = = y (A-44) 
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and has a mean O and a standard deviation 1. 

The cumulative probabilities of the standardized normal distribution 
are given in Table A-l. For a random variable following a normal 
distribution, 68.3 percent of the probabilities are within +lo 

around the mean and 95.5 and 99.7 percent of the probabilities are 


within the ut2o and ut30 ranges respectively. 


A-11l Central Limit Theorem 


The "central limit theorem" is a justification of the wide 
use of the normal distribution. This theorem states that under very 
general conditions, as the number of variables in the sum becomes large, 
the distribution of the sum of random variables will approach the 
normal distribution. 

Even if the number of variables involved is only moderately 
large, as long as no one variable dominates and as long as the variables 
are not highly dependent, the distribution of their sum will be nearly 


peradt aah 


A-12 Half-Normal Distribution 


The "half-normal distribution" is used to describe normally 
distributed variates in which only the absolute deviations around the 


mean are known. 


The probability density function is 


2 
E(x) = 74> exp [- 45] (A-45) 
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where x > 0 and o > O is a scale parameter which does not equal the 
standard deviation of the distribution. A plot of a half-normal 


distribution is given in Fig. A-4(b). 


A-13 Log-Normal Distribution 


The 'log-normal distribution" is the model for a random 
variable having a logarithm which follows the normal distribution with 


parameters U and o. Thus the probability density function for x is 


SCR) ee ee OS (A-46) 


ox Vv 27 
where x=> 0, —© <sit <)>. 6 > 0 


The log-normal distribution as shown in Fig. A-4(c) is skewed to the 
right, the degree of skewness increasing with increasing values of O. 
Note that U and O are scale and shape parameters respectively and 
not location and scale parameters as in the normal distribution. 

By the central limit theorem, it can be shown that the 
distribution of the product of n independent positive variates approaches 
a log-normal distribution. 

The cumulative values for y = &n x can be obtained from the 
tabulation of the standardized normal distribution and the corresponding 


values of x are found by taking antilogs. 
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APPENDIX B 


EFFECTS OF NON-DETERMINISTIC GRAVITY LOADS 


B-1 Deterministic Gravity Loads 


The horizontal force created by the gravity loads acting on 
the out-of-plumb of one column is, 


*0 


F = Pp a (B-1) 


where Pis adeterministic axial load and Ag/h is a normally distributed 
out-of-plumb variable with a mean, Woe equal to zero and a standard 


deviation, mz equalwto,0. 0017 Rad. (seeurig. 16.7). 


Ao 
fs “7 NCO,OR O01) (B-2) 


For this case, the resulting design force is given by Eq. (7.3) in 


Section, /eolse ks 
F = £8 om P (B-3) 


The safety index 8 has been selected as 3.5. The absolute 
value of the force Fy then has a probability of not being exceeded 


(given by Table A-1) of 0.99954, assuming that P is not a variable. 


B-2 Non-Deterministic Gravity Loads 


A random gravity load with a known distribution would produce 
the horizontal force given by Eq. (8-4) when acting on an out-of-plumb 


column. 
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Fo= Po (B-4) 


The force in Eq. (B-4) has a distribution with a mean Ue and a variance 


OF given by expressions (A-38) and (A-40) in Appendix A. 


= + _ 
re are Bo On (B-5) 
6 oN LEE FS ae RC ge ME 
£ ue a Ls om on oe (B-6) 
where, uo = 0.0 
ls = mean of gravity load population 
oO = covariance = 0.0 
CyPp 
Oo = 0.0017 
€ 
oF = standard deviation of gravity load population 
The covariance Or is zero since obviously there is no correlation 


> 


between the axial load and the out-of-plumb of a column. Then, 


2 2 
fe) = Oo +o (B-8) 
MD Pp 


The gravity load is the sum of dead and live loads. Since 


©) 


the dead and live loads are not correlated » Eqs. (A-30) and (A-32) 


are used to define We and Sas? 


‘es 
| 


ao = O4 + oO (B-10) 
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In these expressions, the subscripts d and 2 define the 
dead and live load distribution characteristics respectively. It can 
be assumed that the standard deviation of the dead load is not very 
significant compared to the standard deviation of the live load in Eq. 


ony). 


The dispersion of the gravity load distribution will 
be very close to the dispersion of the live load distribution. 

The sustained live load distributions for the instantaneous 
load, the lifetime maximum load, and the loads for two intermediate 


time periods are given in Fig. pore Of these, only the instant- 


(62) 


aneous distribution is known from live load surveys Various 


theoretical models have been proposed to derive the lifetime maximum 


ee | | Using the live 


live load distribution from load survey data 
load model of Ref. 63 and the live load data of Ref. 62, the statistics 
of lifetime maximum live load have been derived through simulation in 
Ref. 64. 

What is needed in the present case is the distribution of 
the lifetime maximum live load intensities given by the dashed curve in 
Fig. B-1 and not the arbitrary point-in-time loads obtained from the 
live load surveys. For all practical purposes, the lifetime maximum 
live load distribution can be reasonably approximated by a normal 
distribution. A computer simulation has shown that the product of two 
normal variables is also very close to a normal. The design horizontal 


force for the case of variable gravity loads can then be defined by 


Eq. (A-44): 


By ee eo (B=11) 
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The safety index 4 in this expression is not necessarily 3.5 as for 8. 
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Figure B.1_ Probability distributions of live load intensities 
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fe ea eS (ef = 
Ho D (B-12) 


Eq. (B-12), derived for a non-deterministic load, should be compared 
to Eq. (B-3) to determine the value of the factor X that would make 


the horizontal forces given by the two equations equal. 


B-3 Estimation of Dead and Live Load Parameters 


The four parameters Uae Up» 0,» and Oo must be estimated in 


d 
order to determine the safety index i. 
Approximations given in Ref. 59 are listed in Table B-l. 
The lifetime maximum dead load is assumed to have an average value equal 
to the design value with a coefficient of variation of Ween 
This implies that the maximum dead load will be within +14 percent 
of the design value in 95 percent of all structures. 
For an office building floor designed for 50 psf, the expected 
maximum live load (not including partitions) over a 30-year life would 


(59) | It has been indicated in Ref. 64 


(60) 


be reduced to about 35 psf 
that the Canadian National Building Code formula for reduction of 
£lcor load with tributary area, 0.3 + 10/V A , is fairly consistent 
with calculated maximum lifetime loads based on measurements. Therefore, 
the ratio of expected 30-year load to National Building Code design load 
will be assumed to be 0.7, independent of tributary area. The results 
of load pirveyeece. indicate that the coefficient of variation for maximum 
floor loads is about 0.3 and is unchanged with increasing area. 

For office and residential buildings, the expected load at a 


given time is approximately equal to the 30-year load for an infinite 


area. For office buildings, this corresponds to 0.7(0.3 + 10/V~) 50 psf = 
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Specified Load o/U 


Dead Load 
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- Maximum 30 years Oe! 
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- At any time 


ADise the Tributary, Area sin sq. 6c. 


TABLE B=1 PROBABILISTIC ASSUMPTIONS FOR 


GRAVITY LOADS 
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(e)) 


10.5 psf, a value confirmed by survey results On the other hand 

the coefficient of variation of a load at any time increases with a 

decrease in area. The equation given is based on Table 7 of Ref. 62. 
Approximate formulas are given in Ref. 64 for the mean and 

standard deviation of the maximum sustained live load during a structure's 

life plus the largest extraordinary event which occurs during the random 


duration of this maximum sustained load. The approximations fit the 


actual distributions in the upper fractiles of these loads. 


Ug = 14.9 + 763/V A, psf (B-13) 
Oo = Veta 15000/A, psf (B-14) 


where A, is the "influence area'' which corresponds to four times the 
more common "tributary area", A, in the case of single-storey column 
loads. 

These results have shown that for columns, the prescribed 
design loads as a function of area for the Canadian National Building 


Geode) 


correspond approximately to the 0.9 fractile of the maximum 
total load. As shown in Fig. B-2, the NBC prescribed load is 50 psf 
for office buildings and for A > 200 ft.*, this value is reduced by 

a factor 0.3 + 10//A. The prescribed live load P in a column is 


then estimated by Eq. (B-15) for a column tributary area larger than 


DOO Peta. 


FSi Voy (B-15) 


The value for the safety index ~ which corresponds to the 0.9 fractile 
ee iL seed Ho and O, are given by Eqs. (B-13) and (B-14) or are taken 


from Table B-1l. 
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Figure B.2 Prescribed live loads for column design 
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Example: 
j\ = WO) ites os A og 800 ete 
Prescribed doad = "S50 x 200 = 710000 lbs: 
Uy = (14.9F+77637/7°800 ) 200” = "6375. Ibs. 
Op = vy 11.3 + 15000/800 x 200 = 1096 lbs. 
P= 33/5- 13 = 1096 = 9800 Ibs. 


* ° 2 percent difference. 


Using the values of Table B-1l, 


Ug = 0.7 x 50 x 200 =" 7000 Lbs. 
Op = 0.3 x /000F7 =" -2¥0071bs: 
P = 7000 + 1.3:x 2100" 9720) 1bs% 


ster percent difference. 


B-4 Probability Calculations 


The distributions of the two random variables in Eq. (B-4) 
are given in Fig. B-3(a,b) with their corresponding probabilities. 
The dead load is not included in the load distribution shown in (b) 
in order to simplify the calculations. The results should not be 
changed significantly. The distribution represented by the continuous 
curve in Fig. B-3(c) is the distribution of the variable horizontal 
force, PA)/h, for a deterministic axial load P. The shape of the 
distribution is the same as in (a) but the scale is different. The 


variance in this case is sia according to Eq. (A-28). The horizontal 
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Figure B.3 Distributions 
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shear distribution for a variable axial load Po is represented by the 
dotted curve on the same figure. The variance is now equal to 


oalgts + oo) and is always smaller than the variance in the case of 


the deterministic load. In terms of standard deviations, 
es a i 
OM, Seal RS J») > OY Ho + Oo (B-16) 


The variance of the distribution assuming P non-deterministic 
is reduced from the variance assuming P deterministic. The probability 
is then greater under the dotted curve that the shear force will be 
less than 3.50 (Uy oF 1.305). By assuming P deterministic, the absolute 
value of the shear has a 99.954 percent chance of being less than 
this) Limit: 


PA 
Pr [|=7] < 3.50, (uy + 1.30,)] = 0.99954 (B-17) 


When the axial load is random, 


= ? 
< 3.59, Cu, et 1.305) ] ‘ 


x 


Dividing both sides of the inequality by the standard deviation of 


the population, gives 


F + 1.30 
a rk, a (B-18) 
2 2 
ora a ati so, 


As shown in section A-10 of Appendix A, when a normally distributed 
variable with a mean equal to zero is divided by the standard deviation 
of the population, the variable is said to be standardized. The 
expression on the left hand side of the inequality is then the 
standardized horizontal shear for a non-deterministic load and can be 


called F es The new safety index » for the force obtained in Eq. (B-12) 
s 
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is given by the expression on the right hand side. The factor A can be 
evaluated from the values of Table B-1 or from Eqs. (B-13) and (B-14). 


From Table B-1, 


Uo Zoe). fe 

oie = Og Loobe OF 3x. OF Pe eso mO2 1 erp 

i a) pre Omer 1. 3 x) 0521) 9P hata 
WRG). Ge Se pale 9: 


The probability of Fee being lower than this value is obtained 
from the table of the Standard Cumulative Normal Distribution (Table 


A-1). 


Pe [F. < 4.66] = 0.9999984 


Pr ze < 4.66] = 0.9999968 


f | 


Using Eqs. (B-13) and (B-14) with A = 200 ft.-. and A .=sS00pft.*, 


1 


Uy = 8375 lbs. and o, = 1096 lbs. 


My 


SO Os Ort oe LUPO) 


nN 4.06 
78375" + 10967 
Pr[Poao 4606) == 02999975 
Pr [IF..| © 4.06] = 0.999951 
st 


Due to the random nature of the gravity loads, the horizontal shear 
given by Eq. (B-3) has a real probability which corresponds to 
8 ~ 4,2 when the loads prescribed by the Canadian National Building 


Code are used in combination with 8 = 3.5 in Eq. (B-3). 
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It is possible to calculate the value of W in Eq. (B-15) 
whic: would have held the probability at 0.99954 (8 = 3.5) in Eq. (B-3). 


v We + o2 in Eq. (B-18). Then, 


) 


i] 


This occurs when Ci + YO») 


Be [F. ee. | 0.99954 


ie 


The quadratic equation obtained has a root equal to 


Vig +o) = Wy 
y- + (B-19) 
Q 


The index Wy will be close but never equal to zero according to this 
equation. An indeterminate result is obtained when the variation 
oF is zero. The values in Table B-1 for the maximum live load give 
Ww = 0.15, while Eqs. (B-13) and (B-14), for the example presented 
previously, yield W = 0.065. Thus, if a gravity load given by the 
mean shown in Fig. B-2 was used, the resulting horizontal shear 
calculated by Eq. (B-3) would have a 99.95 percent chance of not 


being exceeded. 
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APPENDIX C 


DEGREE OF DEPENDENCE OF COLUMN OUT-OF-PLUMBS 


It seems likely that a certain correlation exists between 
the out-of-plumbs of the columns in a structure. Whether it signi- 
ficantly affects the results of the theory developed in Chapter VII 
has yet to be verified. 

Assuming that z is the sum of two random variables, x and 
y, the variance of the new variable z is given by Eq. (A-31) in 


Appendix A: 


GlWle.0t0 TE e+ 6 (C-1) 
Zz me y x 
The variance o* is defined in section A-6.1 and the covariance 
a 7 in section A-7. The horizontal force at a connection point, as 
> 


given by Eq. (7.4) in the case of two out-of-plumb columns, is now a 


normally distributed variable of the form: 


Qe Zee 
x + ie 
F > N(PIM, + Poby? Ps + ee 2P, ee 


= = 0 do = Oo = Oo 
For uy Wy an . y > 


My 2 2 
F ~> N(O, ov Piet Py theracans 


where 0 = 0, $10: is defined in section A-7 of Appendix A 
2. 
as the coefficient of correlation, which is the standardized measure 
of the joint behavior of two random variables. When p = 1.0, the 


variates are positively perfectly correlated and when p = -1.0, they 
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are perfectly eae aes correlated. On a graph, these conditions 
are represented by straight lines of slope +1 and -1 respectively. 
If p = 0.0, the variates are said to be uncorrelated or perfectly 
independent. 

The horizontal force caused by n out-of-plumb columns, 


assuming a certain degree of correlation between the columns, is then 


n n-1 
F = Bo v y Pi + 2p a ie 


j=l jel J j+l (C-2) 


given by: 


The second term under the root sign is the summation of all 
the possible independent combinations of pairs of adjacent columns. 
An upper bound is found when 0 = 1, i.e. when there exists a positive 


linear dependence between the variables. Then, 


ER. NCOP ava re Hip ate) 


Bee NCO. Gg (Py ar P,)) 


The resulting design horizontal force for the general case of 


n columns is: 


a 
F., = fo pe P (Cc-3) 
el x 


This is equivalent to the model shown in Fig. 5.1(b) with 
all the columns out-of-plumb by Bo.: The lower bound is obtained by 


assuming perfect independence between the variables (p = 0). 
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191 
By ey Pi (C-4) 


d Aen 
This formulation is used in Chapter VII, sections 7.1.1 and 7.1.2. 

Different combinations of out-of-plumb columns taken in a 
vertical line and in a storey are shown in Fig. C-l. The correla- 
tions corresponding to the different combinations, denoted as a, b, 
c, and d, can be calculated and can be visualized graphically. An 
estimation of the actual coefficient of correlation for each case can 
be obtained from Eq. (A-24). The results obtained for building B are 


listed in Table C-1 and the graphical representations of the two 


UES 


different correlations pertaining to group 'a' are given in Figs. C-2 


and C-3. Fig. C-2 shows the correlation between columns adjacent in 


vertical lines and Fig. C-3 shows the correlation between adjacent 
columns at each storey. The values plotted on each figure represent 
a sample of the total number of observations. The out-of-plumbs in the 
x and y directions are considered together. 

The results shown in column 2 of Table C-1 for groups a and 
b indicate a slight but non-significant dependence between columns 
in vertical lines. The scatter of the points shown in Fig. C-2 
confirms these results. The coefficients of correlation obtained in 
cases c and d where the pairs are one and two steps apart are even 
closer to zero. This result was expected. It indicates a decreased 
dependence of the variables as the compared columns are taken farther 
apart. The usual practice of erecting tier columns does not seem to 
induce a significant degree of correlation between the column out-of- 
plumbs from one floor to another. The correlation that could have 


existed initially from floor to floor is apparently wiped out during 
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etc. ceeeee j ceccces 10 
Elevation Plan View 
Combinations 
a— 1-2, 3-4,5-6, etc... (adjacent columns) 
b— 2-3, 4-5, 6-7, etc ... (adjacent columns) 


c— 1-3, 4-6, 7-9, etc... (1 step apart) 
d— 1-4, 5-8, 9-12, etc ... (2 steps apart) 


Figure C.1 Column combinations for the evaluation of the degree of 
correlation between out-of-plumbs 
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Type* 


Adjacent Columns 
Adjacent Columns 
One Step Apart 


Two Steps Apart 


* Defined in Fig. B-l 


TABLE C-1 COEFFICIENTS OF CORRELATION 


FOR BUILDING B 
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(Ag /h); +1 x 10+3 Rad. 


(A g/h), 


Coefficient of correlation = 0.072 (from data) 


Figure C.2 Correlation between two out-of-plumb columns adjacent in a vertical line 
in building B 
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Coefficient of correlation = 0.133 (from data) 


Figure C.3 Correlation between two out-of- 
in building B 


plumb columns adjacent in a storey 


(Ag /h); 
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the construction of the building by the effects described earlier 
in section 5,3. 

Coefficients of correlation of 0.133 and 0.238 for adjacent 
columns in a storey were obtained for building B. The plot corres- 
ponding to p = 0.133 is given in Fig. C-3 and shows considerable 
scatter. A positive coefficient of correlation in this case indicates 
that two adjacent columns in a storey lean in the same positive or 
negative direction more often than predicted by the theory developed 
in Chapter VII based on total independence. Since an unsafe situation 
could result, an evaluation of this effect is mandatory. 

The results obtained for combination types c and d in column 
3 of Table C-1 confirm earlier observations that the correlation 
decreases rapidly as the columns forming the pairs are taken farther 
apart. It is believed that the correlation within a storey is in 
great part tied in to fabrication errors. When girders for a specific 
storey are cut slightly shorter or longer, the adjustment of these 
girders between the columns in a bent might force the columns to lean 
in the same direction in the plane of the bent. 

In summary, a correlation does exist between column-of- 
plumbs. Although it is negligible from storey to storey, it is signi- 
ficant within a storey. For all practical purposes, op = 0.0 between 
columns in vertical lines, 0 = 0.2 between adjacent columns in a 
storey, p = 0.1 for pairs one step apart in a storey, and p = 0.0 
for pairs more than one step apart. 


Considering the case of two adjacent columns at a same 


storey Eq. (C-2) becomes: 
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Assuming equal axial load in the columns, 


Fy = ay 24 Bo. P 


The lower bound given by Eq. (C-4) is 


Fy = y 2 Bo. ie 


Then, the correlation existing between two adjacent columns 
increases the horizontal force predicted by Eq. (C-4) by 10 percent. 


For the general case of n columns at the same storey, 


Eq. (C-2) yields: 


n n-1 n-2 
= 2 P + 0.0 
Mm. =) Rok wv eae Pa +iZ[CK2 x P Pay + 0.1 2 ?, 542 ] 


d ead jel j=1 
Assuming that 
n-1 4 n 7 
ne P Pia = a P. 
and 
n-2 n 
i Pr oe Pos 
Shigd aires vows 
os eek a ee nee ae wh ede ete raps 
Ul ole ak 3 


which constitutes an increase of 26 percent from the eae bound 
given by Eq. (C-4). The calculations show that the 26 percent limit 
is attained at 15 columns. 
It remains to check whether this effect is reduced or 
increased when columns from different storeys are combined. By summing 


separately within each storey, Eq. (C-2) becomes: 
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where n, is the number of columns at storey i. 


This equation can be simplified within each storey as before: 
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Eq. (C-4), applied to the same case, becomes: 


foot oe | 
F, = Bo eel a eee 
c | 


d j=l J j=l 


This shows that the increase of 26 percent from the lower 
bound remains when columns from different storeys are combined. 

Eq. (C-2), however, is not practical in a design for the 
horizontal out-of-plumb forces. It seems more logical to use the 
expression giving the lower bound with an increased safety index 
which would account for the correlation effects and other factors. 
When a factor 8 of 3.5 is used in Eq. (C-4), the real probability 


of being exceeded is not 4.6 x 107" but 5 x 107° corresponding to a 8B 
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value of 2.8. In other words, in five out of a thousand times, the 
horizontal forces calculated for 8 = 3.5 would exceed the predicted 
values. 

The applications given later in Chapter VIII, where several 
measured and predicted quantities are directly compared, will justify 
the choice of a safety index equal to 3.5 under the above conditions. 
More important is the fact that the safety index 8 is actually increased 
from 3.5 to 4.2,as shown in Appendix B, because of the random nature 
of the gravity loads. The combination of the effects observed in 
Appendices B and C results in an average safety index of 3.5 with a 


corresponding probability of 0.99954. 
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APPENDIX D 


LATERAL DEFLECTIONS DUE TO COLUMN OUT-OF-PLUMBS 


Expression (7.16) reproduced below as (D-1) requires 
excessive computational efforts for structures with a large number of 
columns. An investigation is needed to determine whether this 


equation can be simplified. 


nN 
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jar 


When the column axial loads are assumed to be constant, the variable 


ae disappears and Eq. (D-1) is reduced to: 


SS = —£ (D-2) 


In practical structures the axial loads differ and cause Eq. (D-2) 


to be unconservative. A more general formulation would be, 


Ay Ro 


— (D-3) 
h 1% 


where the variable x is a function of the number of columns in a 
structure and the variations in column axial loads. The influence of 


these two factors on the variable x can be evaluated. 
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Equating (D-1) and (D-3) yields: 


fae Mn n 
$n R 
where 
n 
y : 
rR = 32 
SORP- 
icieg ee 


Thesminimnun <value as 2. Ol and 


Eq. (D-4) are constant. 
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The upper limit is not defined 
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structures. Larger values are 


Fig. D-1l shows the co 


Ek a s Qn n 


(D-4) 


(D-5) 


is obtained when the axial loads in 


= 2 (D-6) 
Qn vn /2 enon 

but is in the order of 2.5)in practical 
obtained only in very unusual cases. 


lumn layouts of seven different building 


cross-sections... The variable x is calculated for typical 1, 2,6, 


and 10-storey buildings by assigning the relative axial loads P, 2P, 


and 4P to the corner, exterior, 


and interior columns respectively. 


The column axial loads are increased uniformly from floor to floor. 


For instance, if the top column of a 3-storey column stack carries 2P, 


the middle one and the lower one carry 4P and 6P respectively. 
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Figure D.1 XX values for different column layouts 
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In all cases, except in the very unusual case No. 4, x 
does not exceed 2.2. A similar pattern is observed in all arrangements! 
The factor x increases slightly when passing from a one-storey to a 
two-storey building; the value remains fairly constant as other 
storeys are added and finally decreases when n becomes large. This 
behavior is explained by the fact that when n becomes large, the 
difference between the axial loads becomes less significant and R tends 
towards Yn. At the limit, x is 2.0 as shown in Eq. (D-6). The 
notable increase of the variable x in the 2-storey buildings of Fig. D-l 
reflects the factor of 2 between the axial loads at each storey. The 
number of columns is then too small to hide the effect of the axial 
load variations. 

As applied to the actual axial loads in the 2/7~storey 
budding A (Fie. 6.2) 90x = 0n 18.62 = 2.10. The column layout of 
building A is given in example No. 3 in Fig. D-l. 

In view of these considerations, Eq. (D-3) with x = 2.2 
is recommended for use in design. However, the "exact" expression 
(D-1) should be used in the case of one or two-storey structures for 


a more accurate evaluation of A,/h. 
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APPENDIX E 
EFFECT OF WALL THICKNESS VARIATIONS 


ON MEASUREMENTS OF OUT-OF-PLUMBS 


The exact deviation from plumb at a specific section of a 
wall is obtained by using the average of two measurements, one taken 
on either side of the wall. Measurements taken on one side only do 
not account for the unavoidable thickness variations of the wall. 
However, it is physically impossible to take double measurements at 
each wall section. 

It is possible to determine to what extent the measurements 
are affected by estimating the distribution of the wall thickness 
variations and combining the resulting variance with the variance of 
the wall out-of-plumb population. The variance is defined as the 
squared value of the standard deviation. 

Thickness measurements were taken wherever possible with a 
measuring tape on the core of building B. At least two measurements 
were taken per vertical section of the wall. 

The variables that must be distributed and used in the 
calculations are the deviations from the mean at each individual 
section. The wall section shown in Fig. E-l(a) is thicker at the 
bottom and the measurement taken as shown results in an out-of-plumb 
value smaller than the actual. In (b) the recorded deviation is 
larger than it should be while in (c) the actual out-of-plumb is 


recorded. In other cases, as in (d), the thickness variation does 
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Figure E.1 Wall thickness variations 
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not affect the measurements. For a set of two measurements at the 
section shown in Fig. E-l(e), the mean thickness is (t; + t,)/2 and 
the values to be distributed are ty = t) - mean and ty = t, —- mean. 
The distribution obtained is given in Fig. E-2 together 
with the mean, the standard deviation, and other characteristics. 
The distribution is close to normal. The mean, of course, is zero and 
the standard deviation is 0.16". The variance of the measured out-of- 
plumbs is the sum of the variance of the actual out-of-plumbs and the 


variance of the deviations of the wall thickness from the mean at 


specific sections. 


var (Ay) mn = var pact + var (6,) 


or 


var (Ao) =* var (A 


ace 0 m wate (6) (E-1) 


The standard deviation of the measured out-of-plumbs for building B is 
given in Table 6.11 and is approximately 0.0023. A representative value 
in units of inches is obtained by multiplying the standard deviation by 
the standard storey height in practical structures, say 144". The 


variance is then (144" x 0.0023)* = (0.33")? and 


= (ag) =8(0eL6)— 0.08 sme 
var (ae (0233) (0.16) 0.08 in 


The actual standard deviation should therefore be 


Oo = 0. OSM =2 0.29" 


which constitute an insignificant reduction from 0.33". Since the 
effect is slightly on the conservative side when neglected, a reduction 


will not be applied to the measured standard deviation in this report. 
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